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§ 1. Introduction and Main Results

Throughout this paper, we assume the reader is familiar with the fundamental results and

standard notations of the Nevanlinna distribution theory of meromorphic functions (see [16, 17,

22]). Recently, there were interesting results on the growth of solutions of the complex linear

differential equations by using a new idea in which the coefficients are analytic functions in the

extended complex plane except a finite singular point C\{z0} with non-zero positive order (see

e. g. [6,7,10,12,13,15,18,19]), which are similar to some of those obtained for the case when the

coefficients are non-zero order entire functions (see e. g. [1,14,20,21]). The concept of logarithmic

order due to Chern [8, 9] was used to investigate the growth of solutions to linear differential

equations, difference and differential-difference equations for the case when the coefficients are

zero order entire or meromorphic functions (see e.g. [2–5,11]). In this article, we continue making

use of this concept to investigate the growth of solutions to homogeneous and non-homogeneous

linear differential equations in which the coefficients are analytic functions in C\{z0} with zero

order, where we generalize those results obtained in [13]. We start by stating some essential

definitions: for all R ∈ (0,∞) and p ≥ 1, we define exp1R = eR, expp+1R = exp(exppR),
log1R = logR and logp+1R = log(logp R).

Definition 1.1 ([12]). Let f be a meromorphic function in C\{z0}, where C = C∪{∞}, z0 ∈ C.

The counting function of f near z0 is defined by

Nz0(r, f) = −
∫ r

∞

n(t, f)− n(∞, f)

t
dt− n(∞, f) log r,

where n(t, f) counts the number of poles of f in {z ∈ C : t ≤ |z − z0|} ∪ {∞}, each pole

according to its multiplicity. The proximity function of f near z0 is defined by

mz0(r, f) =
1

2π

∫ 2π

0

log+ |f(z0 − reiφ)| dφ.

The characteristic function of f near z0 is defined by

Tz0(r, f) = mz0(r, f) +Nz0(r, f).
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Definition 1.2 ([19]). Let f be a meromorphic function in C\{z0}, p and q be two integers with

p ≥ q ≥ 1. The [p, q]-order of f near z0 is defined by

σ[p,q](f, z0) = lim sup
r−→0

log+p Tz0(r, f)

logq
1
r

.

For an analytic function f in C\{z0}, the [p, q]-order of f near z0 is defined by

σ[p,q](f, z0) = lim sup
r−→0

log+p Tz0(r, f)

logq
1
r

= lim sup
r−→0

log+p+1Mz0(r, f)

logq
1
r

,

where Mz0(r, f) = max{|f(z)| : |z − z0| = r}. If σ[p,q](f, z0) = σ ∈ (0,∞), then the [p, q]-type

of a meromorphic function f in C\{z0} is defined by

τ[p,q](f, z0) = lim sup
r−→0

log+p−1 Tz0(r, f)

(logq−1
1
r
)σ

.

For an analytic function f in C\{z0} with σ[p,q](f, z0) = σ ∈ (0,∞), the [p, q]-type of f near z0
is defined by

τ[p,q],M(f, z0) = lim sup
r−→0

log+p Mz0(r, f)

(logq−1
1
r
)σ

.

The [p, q] exponent of convergence of the sequence of a−points and distinct a-points of a mero-

morphic function f in C\{z0} are respectively defined by

λ[p,q](f − a, z0) = lim sup
r−→0

log+p Nz0(r,
1

f−a
)

logq
1
r

, λ[p,q](f − a, z0) = lim sup
r−→0

log+p N z0(r,
1

f−a
)

logq
1
r

.

Remark 1.1. By Definition 1.2, we can see that σ[p,1](f, z0) = σp(f, z0), τ[p,1](f, z0) = τp(f, z0),

λ[p,1](f − a, z0) = λp(f − a, z0) and λ[p,1](f − a, z0) = λp(f − a, z0) denote respectively the

iterated p-order, the iterated p-type and the iterated p-exponent of convergence of a-points and

distinct a-points (see, [13]).

By the original definitions of the logarithmic order and the logarithmic type [8, 9], we define

the logarithmic order and logarithmic type of a meromorphic function in C\{z0} as follows.

Definition 1.3. Let f be a meromorphic function in C\{z0}, the logarithmic order of f near z0 is

defined by

σ[1,2](f, z0) = σlog(f, z0) = lim sup
r−→0

log+ Tz0(r, f)

log log 1
r

.

If f is an analytic function in C\{z0}, then

σlog(f, z0) = lim sup
r−→0

log+ Tz0(r, f)

log log 1
r

= lim sup
r−→0

log+ log+Mz0(r, f)

log log 1
r

.

Definition 1.4. Let f be a meromorphic function in C\{z0} with logarithmic order σlog(f, z0) =
= σ ∈ [1,∞), the logarithmic type of f near z0 is defined by

τ[1,2](f, z0) = τlog(f, z0) = lim sup
r−→0

Tz0(r, f)

(log 1
r
)σ

.

If f is an analytic function in C\{z0} with order σlog(f, z0) = σ ∈ [1,∞), then the logarithmic

type of f near z0 is defined by

τlog,M(f, z0) = lim sup
r−→0

log+ Mz0(r, f)

(log 1
r
)σ

.
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Remark 1.2. According to [12, Lemma 2.2] if f is a non-constant meromorphic function

in C\{z0}, then g(ω) = f(z0 − 1
ω
) is meromorphic in C and they satisfy

T (R, g) = Tz0

(

1

R
, f

)

.

Consequently all the properties of the logarithmic order for the meromorphic functions in C are

hold, such as all the non-constant rational functions which are analytic in C\{z0} are of loga-

rithmic order equalling one, where there is no transcendental meromorphic function in C\{z0} of

logarithmic order less than one, further, constant functions have zero logarithmic order and there

are no meromorphic functions in C\{z0} of logarithmic order between zero and one (see, [8, 9]).

In [13], Fettouch and Hamouda considered the following complex homogeneous and non-

homogeneous linear differential equations

f (k) + Ak−1(z)f
(k−1) + · · ·+ A1(z)f

′ + A0(z)f = 0, (1.1)

f (k) + Ak−1(z)f
(k−1) + · · ·+ A1(z)f

′ + A0(z)f = F (z), (1.2)

where Aj(z) (j = 0, 1, . . . , k − 1) and F (z) are analytic functions in C\{z0}. Their results were

for the case when the coefficients are of finite iterated p-order, where they obtained the following

theorems.

Theorem A ([13]). Let A0(z), . . . , Ak−1(z) be analytic functions in C\{z0} such that for real

constants α, β, µ, θ1, θ2 and a positive integer p with 0 ≤ β < α, µ > 0, θ1 < θ2, 1 ≤ p < ∞, the

following inequalities hold:

|A0(z)| ≥ expp

{

α

rµ

}

,

|Aj(z)| ≤ expp

{

β

rµ

}

, j = 1, . . . , k − 1,

where arg(z0 − z) = θ ∈ (θ1, θ2) and |z0 − z| = r → 0. Then, every analytic solution f(z)( 6≡ 0)
in C\{z0} of (1.1) satisfies σp+1(f, z0) ≥ µ.

Theorem B ([13]). Let A0(z), . . . , Ak−1(z) be analytic functions in C\{z0} and E ⊂ (0, 1) be a

set of infinite logarithmic measure such that

|A0(z)| ≥ expp

{

α

rµ

}

,

|Aj(z)| ≤ expp

{

β

rµ

}

, j = 1, . . . , k − 1,

with 0 ≤ β < α, µ > 0 and |z0 − z| = r → 0, r ∈ E. Then, every analytic solution f(z)( 6≡ 0) in

C\{z0} of (1.1) satisfies σp+1(f, z0) ≥ µ.

Theorem C ([13]). Let A0(z), . . . , Ak−1(z) be analytic functions in C\{z0} of finite iterated order

with max
{

σp(Aj, z0) : j 6= 0
}

≤ σp(A0, z0) = σ < +∞, 1 < p < ∞, and E ⊂ (0, 1) be a set of

infinite logarithmic measure such that for some constants 0 ≤ β < α and any given ε > 0, we

have

|A0(z)| ≥ expp

{

α

rσ−ε

}

, |Aj(z)| ≤ expp

{

β

rσ−ε

}

, j = 1, . . . , k − 1,

as r → 0 with r ∈ E. Then, every analytic solution f(z)( 6≡ 0) in C\{z0} of (1.1) satisfies

σp+1(f, z0) = σp(A0, z0) = σ.
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Theorem D ([13]). Let A0(z), . . . , Ak−1(z) be analytic functions in C\{z0} satisfying

max
{

σp(Aj, z0) : j 6= 0
}

< σp(A0, z0).

Then, every analytic solution f(z)( 6≡ 0) in C\{z0} of (1.1) satisfies σp+1(f, z0) = σp(A0, z0).

Theorem E ([13]). Let A0(z), . . . , Ak−1(z) satisfy the hypotheses of Theorem C, and let F (z) 6≡ 0
be an analytic function in C\{z0} with i(F ) = q.

i) If q < p+1 or q = p+1, σp+1(F, z0) < σp(A0, z0), then every analytic solution f(z)( 6≡ 0)
in C\{z0} of (1.2) satisfies λp+1(f, z0) = λp+1(f, z0) = σp+1(f, z0) = σp(A0, z0), with at

most one exceptional solution f0 satisfying i(f0) < p + 1 or σp+1(f, z0) < σp(A0, z0).

ii) If q > p + 1 or q = p + 1, σp(A0, z0) < σp+1(F, z0) < +∞, then every analytic solution

f(z)( 6≡ 0) in C\{z0} of (1.2) satisfies i(f) = q and σq(f, z0) = σq(F, z0).

It is clear that the above results do not include the case when the coefficients are analytic

functions in C\{z0} of order zero. Therefore, for that case here we use the logarithmic order

in order to express the growth of solutions of the complex linear differential equations (1.1)

and (1.2), where we obtain the following theorems.

Theorem 1.1. Let A0(z), . . . , Ak−1(z) be analytic functions in C\{z0} such that, for real con-

stants α, β, µ, θ1 and θ2 with 0 ≤ β < α, µ ≥ 1, θ1 < θ2,

|A0(z)| ≥ exp

{

α

(

log
1

r

)µ}

,

|Aj(z)| ≤ exp

{

β

(

log
1

r

)µ}

, j = 1, . . . , k − 1,

where arg(z0 − z) = θ ∈ (θ1, θ2) and |z0 − z| = r → 0. Then, every analytic solution f(z)( 6≡ 0)
in C\{z0} of (1.1) satisfies σ[2,2](f, z0) ≥ µ− 1.

Theorem 1.2. Let A0(z), . . . , Ak−1(z) be analytic functions in C\{z0} and E ⊂ (0, 1) be a set of

infinite logarithmic measure such that

|A0(z)| ≥ exp

{

α

(

log
1

r

)µ}

,

|Aj(z)| ≤ exp

{

β

(

log
1

r

)µ}

, j = 1, . . . , k − 1,

with 0 ≤ β < α, µ ≥ 1 and |z0 − z| = r → 0, r ∈ E. Then, every analytic solution f(z)( 6≡ 0) in

C\{z0} of (1.1) satisfies σ[2,2](f, z0) ≥ µ− 1.

Theorem 1.3. Let A0(z), . . . , Ak−1(z) be analytic functions in C\{z0} of finite logarithmic order

with max
{

σlog(Aj , z0) : j 6= 0
}

≤ σlog(A0, z0) = σ < +∞ and E ⊂ (0, 1) be a set of infinite

logarithmic measure such that for some constants 0 ≤ β < α and any given ε > 0, we have

|A0(z)| ≥ exp

{

α

(

log
1

r

)σ−ε}

,

|Aj(z)| ≤ exp

{

β

(

log
1

r

)σ−ε}

, j = 1, . . . , k − 1,

as r → 0 with r ∈ E. Then, every analytic solution f(z)( 6≡ 0) in C\{z0} of (1.1) satisfies

σlog(A0, z0)− 1 ≤ σ[2,2](f, z0) ≤ σlog(A0, z0) = σ.



420 On the growth of solutions of complex linear differential equations

Theorem 1.4. Let A0(z), . . . , Ak−1(z) be analytic functions in C\{z0} of finite logarithmic order

with max
{

σlog(Aj , z0) : j 6= 0
}

< σlog(A0, z0) = σ < +∞. Then, every analytic solution

f(z)( 6≡ 0) in C\{z0} of (1.1) satisfies σlog(A0, z0)− 1 ≤ σ[2,2](f, z0) ≤ σlog(A0, z0).

Theorem 1.5. Let A0(z), . . . , Ak−1(z) be analytic functions in C\{z0} of finite logarithmic order

with

max
{

σlog(Aj, z0) : j 6= 0
}

≤ σlog(A0, z0) = σ, 1 ≤ σ < +∞,

max
{

τlog,M(Aj , z0) : σlog(Aj , z0) = σ, j 6= 0
}

< τlog,M(A0, z0) = τ < +∞.

Then, every analytic solution f(z) 6≡ 0 in C\{z0} of (1.1) satisfies σlog(A0, z0) − 1 ≤
≤ σ[2,2](f, z0) ≤ σlog(A0, z0).

Theorem 1.6. Let A0(z), . . . , Ak−1(z) satisfy the hypotheses of Theorem 1.4 and let F (z)( 6≡ 0)
be an analytic function in C\{z0}.

i) If σlog(A0, z0) ≤ σ[2,2](F, z0) < +∞, then every analytic solution f(z)( 6≡ 0) in C\{z0}
of (1.2) satisfies σ[2,2](f, z0) = σ[2,2](F, z0).

ii) If σlog(A0, z0) > σ[2,2](F, z0), then every analytic solution f(z)( 6≡ 0) in C\{z0} of (1.2)

satisfies σ[2,2](f, z0) ≤ σlog(A0, z0), and that σ[2,2](f, z0) ≥ σlog(A0, z0) − 1 with at most

one exceptional solution, and that λ[2,2](f, z0) = λ[2,2](f, z0) = σ[2,2](f, z0) holds for every

solution f which satisfies σ[2,2](f, z0) = σlog(A0, z0).

Theorem 1.7. Let A0(z), . . . , Ak−1(z) satisfy the hypotheses of Theorem 1.5 and let F (z)( 6≡ 0)
be an analytic function in C\{z0}.

i) If σlog(A0, z0) ≤ σ[2,2](F, z0) < +∞, then every analytic solution f(z)( 6≡ 0) in C\{z0}
of (1.2) satisfies σ[2,2](f, z0) = σ[2,2](F, z0).

ii) If σlog(A0, z0) > σ[2,2](F, z0), then every analytic solution f(z)( 6≡ 0) in C\{z0} of (1.2)

satisfies σ[2,2](f, z0) ≤ σlog(A0, z0), and that σ[2,2](f, z0) ≥ σlog(A0, z0) − 1 with at most

one exceptional solution, and that λ[2,2](f, z0) = λ[2,2](f, z0) = σ[2,2](f, z0) holds for every

solution f which satisfies σ[2,2](f, z0) = σlog(A0, z0).

Remark 1.3. We should point that similar results to those in Theorems 1.4–1.7 are obtained in [5]

for the complex plane C case.

§ 2. Some preliminary lemmas

The following lemmas are important for proving our results. Firstly we denote the logarithmic

measure of a set E ⊂ (0, 1) by ml(E) =
∫

E
dt
t
.

Lemma 2.1 ([12]). Let f be a non-constant meromorphic function in C\{z0}, let λ > 0, ε > 0
be given real constants and j ∈ N. Then:

(i) there exist a set E1 ⊂ (0, 1) of finite logarithmic measure and a constant C > 0 that

depends only on λ and j such that for all |z − z0| = r ∈ (0, 1)\E1, we have

∣

∣

∣

∣

f (j)(z)

f(z)

∣

∣

∣

∣

≤ C

[

1

r2
Tz0(λr, f) logTz0(λr, f)

]j

; (2.1)

(ii) there exist a set E2 ⊂ [0, 2π) that has a linear measure zero and a constant C > 0 that

depends on λ and j such that for all θ ∈ [0, 2π)\E2, there exists a constant r0 = r0(θ) > 0
such that (2.1) holds for all z satisfying arg(z − z0) ∈ [0, 2π)\E2 and r = |z − z0| < r0.
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Lemma 2.2 ([15]). Let f be a non-constant analytic function in C\{z0}. Then there exists a

set E3 of (0, 1) that has finite logarithmic measure such that for all j = 0, . . . , k, we have

f (j)(zr)

f(zr)
=

(

Vz0(r)

z0 − zr

)j
(

1 + o(1)
)

as r → 0, r /∈ E3, where zr is a point in the circle |z − z0| = r that satisfies |f(zr)| =
= max|z−z0|=r |f(z)|.

Lemma 2.3 ([19]). Let p and q be two integers with p ≥ q ≥ 1. Let f be a non-constant analytic

function in C\{z0} and let Vz0(r) be the central index of f . Then

σ[p,q](f, z0) = lim
r−→0

log+p Vz0(r)

logq
1
r

.

Lemma 2.4. Let A0(z), . . . , Ak−1(z) be analytic functions in C\{z0} of finite logarithmic order

with max
{

σlog(Aj , z0) : j = 0, . . . , k − 1
}

≤ α < +∞. Then, every analytic solution f(z)( 6≡ 0)

in C\{z0} of (1.1) satisfies σ[2,2](f, z0) ≤ α.

P r o o f. Let f(z)( 6≡ 0) be an analytic solution of (1.1) in C\{z0}. By Lemma 2.2, there exists

a set E3 ⊂ (0, 1) of finite logarithmic measure such that, for all r 6∈ E3 and r → 0, we have

f (j)(zr)

f(zr)
=

(

Vz0(r)

z0 − zr

)j
(

1 + o(1)
)

, j = 1, . . . , k. (2.2)

Setting

Mz0(r) = max
|z0−z|=r

{

|Aj(z)| : j = 0, 1, . . . , k − 1
}

. (2.3)

Since max
{

σlog(Aj , z0) : j = 0, . . . , k − 1
}

≤ α < +∞, then for any given ε > 0, there exists

r0 > 0 such that for r0 > r > 0, we get

Mz0(r) ≤ exp

{(

log
1

r

)α+ε}

. (2.4)

Now, we may rewrite (1.1) as

∣

∣

∣

∣

f (k)(z)

f(z)

∣

∣

∣

∣

≤
∣

∣Ak−1(z)
∣

∣

∣

∣

∣

∣

f (k−1)(z)

f(z)

∣

∣

∣

∣

+ · · ·+
∣

∣A1(z)
∣

∣

∣

∣

∣

∣

f ′(z)

f(z)

∣

∣

∣

∣

+
∣

∣A0(z)
∣

∣. (2.5)

Then, by substituting (2.2) and (2.3) into (2.5), we obtain

(

Vz0(r)

r

)k∣
∣

∣

∣

1 + o(1)

∣

∣

∣

∣

≤ kMz0(r)

(

Vz0(r)

r

)k−1∣
∣

∣

∣

1 + o(1)

∣

∣

∣

∣

. (2.6)

From (2.4) and (2.6), it follows that

Vz0(r) ≤ kr exp

{(

log
1

r

)α+ε}∣

∣

∣

∣

1 + o(1)

∣

∣

∣

∣

.

Therefore, by Lemma 2.3, we get σ[2,2](f, z0) ≤ α. �
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Lemma 2.5. Let f be a non-constant analytic function in C\{z0} with σlog(f, z0) = σ. Then there

exists a subset E4 of (0, 1) that has infinite logarithmic measure such that for all |z−z0| = r ∈ E4,

we have

σ = lim
r−→0

log logMz0(r, f)

log log 1
r

= lim
r−→0

log Tz0(r, f)

log log 1
r

and for any given ε > 0,

Mz0(r, f) > exp

{(

log
1

r

)σ−ε}

, Tz0(r, f) >

(

log
1

r

)σ−ε

.

P r o o f. By the definition of the logarithmic order in Definition 1.3, there exists a sequence

{rn}∞n=1 tending to 0 satisfying rn+1 <
n

n+1
rn and

σ = lim
n−→∞

log logMz0(rn, f)

log log 1
rn

.

Then, for any given ε > 0, there exists an n0 ∈ N+ such that for all n ≥ n0 and for any

r ∈ [ n
n+1

rn, rn], we obtain

log logMz0(rn, f)

log log 1
n

n+1
rn

≤ log logMz0(r, f)

log log 1
r

≤
log logMz0(

n
n+1

rn, f)

log log 1
rn

.

Since

lim
n−→∞

log logMz0(rn, f)

log log 1
n

n+1
rn

= lim
n−→∞

log logMz0(
n

n+1
rn, f)

log log 1
rn

= σ,

then for any r ∈ [ n
n+1

rn, rn], we get

lim
r−→0

log logMz0(r, f)

log log 1
r

= σ. (2.7)

Set E4 =
∞
⋃

n=n0

[ n
n+1

rn, rn]. Then ml(E4) =
∞
∑

n=n0

∫ rn
n

n+1
rn

dt
t
=

∞
∑

n=n0

log
(

1 + 1
n

)

= ∞. From (2.7), it

follows that, for any given ε > 0,

Mz0(r, f) > exp

{(

log
1

r

)σ−ε}

.

Similarly, we can also get

lim
r−→0

log Tz0(r, f)

log log 1
r

= σ

and for any given ε > 0

Tz0(r, f) >

(

log
1

r

)σ−ε

.

�

Similarly, by using the definition of the logarithmic type in Definition 1.4, we can prove the

following lemma.
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Lemma 2.6. Let f be a non-constant analytic function in C\{z0} with finite logarithmic order

1 ≤ σlog(f, z0) = σ < +∞ and finite logarithmic type 0 < τlog,M(f, z0) < +∞. Then there exists

a subset E5 of (0, 1) that has infinite logarithmic measure such that for all |z− z0| = r ∈ E5, we

have

τlog,M(f, z0) = lim
r−→0

logMz0(r, f)

(log 1
r
)σ

and for any given β < τlog,M(f, z0),

Mz0(r, f) > exp

{

β

(

log
1

r

)σ}

.

We use the same proof of Lemma 4 in [13], we can easily prove the following lemma for the

[p, q]-order.

Lemma 2.7. Let p and q be two integers with p ≥ q ≥ 1, and let f be a non-constant analytic

function in C\{z0}. Then

σ[p,q](f
′, z0) = σ[p,q](f, z0).

Lemma 2.8 ([19]). Let f be a non-constant meromorphic function in C\{z0}. Then the following

statements hold

(i) Tz0(r,
1
f
) = Tz0(r, f) +O(1);

(ii) Tz0(r, f
′) < O

(

Tz0(r, f) + log 1
r

)

, r ∈ (0, r0]\E6, where E6 ⊂ (0, r0] with ml(E6) < ∞.

Lemma 2.9 ([6]). Let f be a non-constant meromorphic function in C\{z0} and let k ∈ N. Then

mz0

(

r,
f (k)

f

)

= O
(

Tz0(r, f) + log
1

r

)

, for all r ∈ (0, 1)\E7 with ml(E7) < ∞.

Lemma 2.10. Let F (z) 6≡ 0, A0(z), . . . , Ak−1(z) be analytic functions in C\{z0} and let f be a

non-constant analytic solution in C\{z0} of (1.2) satisfying

max
{

σ[2,2](F, z0), σ[2,2](Aj , z0) : (j = 0, . . . , k − 1)
}

< σ[2,2](f, z0).

Then λ[2,2](f, z0) = λ[2,2](f, z0) = σ[2,2](f, z0) = σlog(A0, z0).

P r o o f. We may rewrite (1.2) as

1

f(z)
=

1

F (z)

(

f (k)(z)

f(z)
+ Ak−1(z)

f (k−1)(z)

f(z)
+ · · ·+ A1(z)

f ′(z)

f(z)
+ A0(z)

)

. (2.8)

By Lemma 2.8 and (2.8) we get

Tz0(r, f) =Tz0(r,
1

f
) +O(1)

=mz0(r,
1

f
) +Nz0(r,

1

f
) +O(1)

≤
k−1
∑

j=0

mz0(r, Aj) +

k
∑

j=1

mz0

(

r,
f (j)

f

)

+mz0(r,
1

F
) +Nz0(r,

1

f
) +O(1).

(2.9)
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From (1.2), it is easy to see that if f has a zero at z1 of order m (m > k), then F must have a

zero at z1 of order at least m− k. Hence

n(r,
1

f
) ≤ kn(r,

1

f
) + n(r,

1

F
)

and

Nz0(r,
1

f
) ≤ kN z0(r,

1

f
) +Nz0(r,

1

F
). (2.10)

By Lemma 2.9, there exists a set E7 ⊂ (0, r0] that has a finite logarithmic measure such that for

all |z0 − z| = r ∈ (0, r0]\ E7, we obtain

k
∑

j=1

mz0

(

r,
f (j)

f

)

= O
(

Tz0(r, f) + log
1

r

)

≤ 1

2
Tz0(r, f). (2.11)

Substituting (2.10) and (2.11) into (2.9), we get

1

2
Tz0(r, f) ≤ kN z0(r,

1

f
) + Tz0(r, F ) +

k−1
∑

j=0

Tz0(r, Aj) +O(1).

This implies that σ[2,2](f, z0) ≤ max
{

λ[2,2](f, z0), σ[2,2](F, z0), σ[2,2](Aj , z0) : (j = 0, . . . , k−1)
}

.
Since

max
{

σ[2,2](F, z0), σ[2,2](Aj , z0) : (j = 0, . . . , k − 1)
}

< σ[2,2](f, z0),

then we obtain σ[2,2](f, z0) ≤ λ[2,2](f, z0). On the other hand, by definition we have λ[2,2](f, z0) ≤
≤ λ[2,2](f, z0) ≤ σ[2,2](f, z0), therefore

σ[2,2](f, z0) = λ[2,2](f, z0) = λ[2,2](f, z0). �

§ 3. Proof of the theorems

Proof of Theorem 1.1.

P r o o f. We assume that f 6≡ 0 is an analytic solution of (1.1) in C\{z0}. From (1.1), we have

∣

∣A0(z)
∣

∣ ≤
∣

∣

∣

∣

f (k)(z)

f(z)

∣

∣

∣

∣

+
∣

∣Ak−1(z)
∣

∣

∣

∣

∣

∣

f (k−1)(z)

f(z)

∣

∣

∣

∣

+ · · ·+
∣

∣A1(z)
∣

∣

∣

∣

∣

∣

f ′(z)

f(z)

∣

∣

∣

∣

. (3.1)

By the hypotheses of Theorem 1.1, for real constants 0 ≤ β < α, µ ≥ 1 and |z0 − z| = r → 0.
we have

|A0(z)| ≥ exp

{

α

(

log
1

r

)µ}

(3.2)

and

|Aj(z)| ≤ exp

{

β

(

log
1

r

)µ}

, j = 1, . . . , k − 1. (3.3)

By Lemma 2.1, there exist a subset E1 ⊂ (0, 1) having finite logarithmic measure and a constant

C > 0 that depends only on λ, such that for all r 6∈ E1, we have

∣

∣

∣

∣

f (j)(z)

f(z)

∣

∣

∣

∣

≤ C

[

1

r
Tz0(λr, f)

]2j

, j = 1, . . . , k. (3.4)
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Substituting (3.2)–(3.4) into (3.1), for all r 6∈ E1 and r → 0, we obtain

exp

{

α

(

log
1

r

)µ}

≤ kC

[

1

r
Tz0(λr, f)

]2k

exp

{

β

(

log
1

r

)µ}

. (3.5)

From (3.5), it follows that

exp

{

(α− β)

(

log
1

r

)µ}

≤ kC

[

1

r
Tz0(λr, f)

]2k

. (3.6)

From (3.6), we conclude that σ[2,2](f, z0) ≥ µ− 1. The proof is completed. �

Proof of Theorem 1.2.

P r o o f. By the hypotheses of Theorem 1.2, there exists a set E ⊂ (0, 1) of infinite logarithmic

measure such that, for all r ∈ E and r → 0, (3.2) and (3.3) hold. Then, similarly as in (3.1)–(3.6)

in the proof of Theorem 1.1, for all r ∈ E \E1 and r → 0, we get that (3.6) holds which implies

σ[2,2](f, z0) ≥ µ− 1. �

Proof of Theorem 1.3.

P r o o f. First, by Theorem 1.2, we can obtain σ[2,2](f, z0) ≥ σ − 1 − ε and since ε > 0 is

arbitrary, we have

σ[2,2](f, z0) ≥ σlog(A0, z0)− 1 = σ − 1. (3.7)

Next, we may rewrite (1.1) as

∣

∣

∣

∣

f (k)(z)

f(z)

∣

∣

∣

∣

≤
∣

∣Ak−1(z)
∣

∣

∣

∣

∣

∣

f (k−1)(z)

f(z)

∣

∣

∣

∣

+ · · ·+
∣

∣A1(z)
∣

∣

∣

∣

∣

∣

f ′(z)

f(z)

∣

∣

∣

∣

+
∣

∣A0(z)
∣

∣. (3.8)

By the definition of σlog(Aj , z0) (as in Definition 1.3), for any given ε > 0 and r → 0, we have

|Aj(z)| ≤ exp

{(

log
1

r

)σ+ε}

, j = 0, . . . , k − 1. (3.9)

By Lemma 2.2, there exists a set E3 ⊂ (0, 1) of finite logarithmic measure such that, for all

r 6∈ E3 and r → 0, we have

f (j)(zr)

f(zr)
=

(

Vz0(r)

z0 − zr

)j
(

1 + o(1)
)

, j = 1, . . . , k, (3.10)

where |f(zr)| = Mz0(r, f) = max|z−z0|=r |f(z)|. Substituting (3.9) and (3.10) into (3.8), we get

(

Vz0(r)

r

)k∣
∣

∣

∣

1 + o(1)

∣

∣

∣

∣

≤ k exp

{(

log
1

r

)σ+ε}(

Vz0(r)

r

)k−1∣
∣

∣

∣

1 + o(1)

∣

∣

∣

∣

.

From this, it follows that

Vz0(r) ≤ kr exp

{(

log
1

r

)σ+ε}∣

∣

∣

∣

1 + o(1)

∣

∣

∣

∣

.

This implies that

σ[2,2](f, z0) ≤ σlog(A0, z0) = σ. (3.11)

From (3.7) and (3.11), we obtain

σlog(A0, z0)− 1 ≤ σ[2,2](f, z0) ≤ σlog(A0, z0). �
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Proof of Theorem 1.4.

P r o o f. Set max
{

σlog(Aj, z0) : j 6= 0
}

< σ0 < α < σlog(A0, z0). For any given ε > 0, there

exists a r0 > 0 such that for all r0 > r > 0, we have

|Aj(z)| ≤ exp

{(

log
1

r

)σ0+ε}

, j = 1, . . . , k − 1. (3.12)

For σ0+ε < α < σlog(A0, z0), by Lemma 2.5, there exists a set E4 ⊂ (0, 1) of infinite logarithmic

measure such that, for all r ∈ E4 and |A0(z)| = Mz0(r, A0), we have

|A0(z)| > exp

{(

log
1

r

)α}

. (3.13)

Substituting (3.4), (3.12) and (3.13) into (3.1), for all r ∈ E4\E1, we obtain

exp

{(

log
1

r

)α}

≤ kC

[

1

r
Tz0(λr, f)

]2k

exp

{(

log
1

r

)σ0+ε}

. (3.14)

From (3.14), we get

σ[2,2](f, z0) ≥ α− 1. (3.15)

Further, by (3.15) and Lemma 2.4, we have α − 1 ≤ σ[2,2](f, z0) ≤ σlog(A0, z0), which holds for

each α < σlog(A0, z0). Thus, we obtain σlog(A0, z0)− 1 ≤ σ[2,2](f, z0) ≤ σlog(A0, z0). The proof

is completed. �

Proof of Theorem 1.5.

P r o o f. Let β0 and β be two constants such that max
{

τlog,M(Aj , z0): σlog(Aj , z0) = σ, j 6= 0
}

<
< β0 < β < τlog,M(A0, z0). If σlog(Aj , z0) < σlog(A0, z0), then there exists r0 > 0 such that for

all r0 > r > 0 and for any given ε > 0, (3.12) holds. If σlog(Aj , z0) = σlog(A0, z0), then, by the

definition of τlog,M(Aj , z0), for any given ε > 0 and for sufficiently small r, we get

|Aj(z)| ≤ exp

{

β0

(

log
1

r

)σ}

, j = 1, . . . , k − 1. (3.16)

By Lemma 2.6, there exists a set E5 ⊂ (0, 1) of infinite logarithmic measure such that, for all

r ∈ E5 and |A0(z)| = Mz0(r, A0), we obtain

|A0(z)| > exp

{

β

(

log
1

r

)σ}

. (3.17)

Substituting (3.4), (3.12), (3.16) and (3.17) into (3.1), for all r ∈ E5\E1, we obtain

exp

{

β

(

log
1

r

)σ}

≤ kC

[

1

r
Tz0(λr, f)

]2k

exp

{

β0

(

log
1

r

)σ}

.

This implies that

σ[2,2](f, z0) ≥ σ − 1 = σlog(A0, z0)− 1. (3.18)

Then, by (3.18) and Lemma 2.4, we have σlog(A0, z0)− 1 ≤ σ[2,2](f, z0) ≤ σlog(A0, z0). �
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Proof of Theorem 1.6.

P r o o f. Let f be an analytic solution in C\{z0} of (1.2). Then f can be represented as

f(z) = C1(z)f1(z) + C2(z)f2(z) + · · ·+ Ck(z)fk(z), (3.19)

where f1, f2, . . . , fk is a solution base of (1.1) (the homogeneous equation corresponding to (1.2))

and C1, C2, . . . , Ck are given by the following system of equations:























C ′
1(z)f1(z) + C ′

2(z)f2(z) + · · ·+ C ′
k(z)fk(z) = 0,

C ′
1(z)f

′
1(z) + C ′

2(z)f
′
2(z) + · · ·+ C ′

k(z)f
′
k(z) = 0,

...

C ′
1(z)f

(k−1)
1 (z) + C ′

2(z)f
(k−1)
2 (z) + · · ·+ C ′

k(z)f
(k−1)
k (z) = F.

(3.20)

By (3.20), for j = 1, . . . , k, we obtain

C ′
j = F.Gj(f1, f2, . . . , fk).W (f1, f2, . . . , fk)

−1, (3.21)

where

W (f1, f2, . . . , fk) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

f1(z) f2(z) · · · fk(z)
f ′
1(z) f ′

2(z) · · · f ′
k(z)

...
...

...
...

f
(k−1)
1 (z) f

(k−1)
2 (z) · · · f

(k−1)
k (z)

∣

∣

∣

∣

∣

∣

∣

∣

∣

is the Wronksian of f1, f2, . . . , fk and Gj(f1, f2, . . . , fk) is differential polynomial of f1, f2, . . . , fk
and their derivatives with constant coefficients. From (3.21) and Lemma 2.7, for j = 1, . . . , k,
we get

σ[2,2](Cj , z0) = σ[2,2](C
′
j , z0)

≤ max
{

σ[2,2](F, z0), σ[2,2](Gj(f1, f2, . . . , fk), z0), σ[2,2](W (f1, f2, . . . , fk), z0)
}

. (3.22)

By Theorem 1.4 and the fact that Gj(f1, f2, . . . , fk) and W (f1, f2, . . . , fk) are both differential

polynomials of f1, f2, . . . , fk and their derivatives with constant coefficients, we have

max
{

σ[2,2](Gj(f1, f2, . . . , fk), z0), σ[2,2](W (f1, f2, . . . , fk), z0)
}

≤ σ[2,2](fj , z0) ≤ σlog(A0, z0).
(3.23)

By (3.19), (3.22) and (3.23), for j = 1, . . . , k, we obtain

σ[2,2](f, z0) ≤ max
{

σ[2,2](fj , z0), σ[2,2](Cj, z0)
}

≤ max
{

σ[2,2](F, z0), σlog(A0, z0)
}

.
(3.24)

i) If σ[2,2](F, z0) ≥ σlog(A0, z0), then from (1.2) and (3.24), we deduce that σ[2,2](f, z0) =
= σ[2,2](F, z0).

ii) If σ[2,2](F, z0) < σlog(A0, z0), then, from (3.24), it follows that σ[2,2](f, z0) ≤ σ[2,2](A0, z0).
Now, we assert that all solutions f of the equation (1.2) satisfy σ[2,2](f, z0) ≥ σlog(A0, z0)−1
with at most one exception. In fact, if there exist two distinct analytic solutions g1 and g2
of (1.2) satisfying σ[2,2](gj, z0) < σlog(A0, z0)− 1 (j = 1, 2), then g = g1 − g2 is a nonzero

analytic solution of (1.1) and satisfies σ[2,2](g, z0) = σ[2,2](g1 − g2, z0) < σlog(A0, z0) − 1.
But by Theorem 1.4, we have σ[2,2](g, z0) = σ[2,2](g1 − g2, z0) ≥ σlog(A0, z0) − 1. This is
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a contradiction. Further, if f is an analytic solution of (1.2) that satisfies σ[2,2](f, z0) =
= σlog(A0, z0), then

max
{

σ[2,2](F, z0), σ[2,2](Aj, z0) : j = 0, 1, . . . , k − 1
}

< σ[2,2](f, z0).

So, the assumption of Lemma 2.10 also holds and therefore λ[2,2](f, z0) = λ[2,2](f, z0) =
= σ[2,2](f, z0) = σlog(A0, z0).

�

Proof of Theorem 1.7.

P r o o f. By using similar discussions as in the proof of Theorem 1.6, we obtain the assertions

of Theorem 1.7. �

§ 4. Examples

Here we give some examples to illustrate the sharpness of some assertions in our theorems.

Example 4.1. For Theorem 1.4, we consider the analytic function in C\{z0}

f(z) =
1

(z − z0)2n+1
, n ∈ N, (4.1)

which is a solution to the following homogeneous complex differential equation

f ′′′(z) + A2(z)f
′′(z) + A1(z)f

′(z) + A0(z)f(z) = 0, (4.2)

where A0(z) =
(2n+1)(2n+2)(2n+3)

(z−z0)3
− (2n+1)(2n+2)(3−7i)

(z−z0)2
+ (2n+1)(3+7i)

(z−z0)
, A1(z) = 3 + 7i and A2(z) =

= 3− 7i. The coefficients Aj(z), j = 0, 1, 2, satisfy the conditions of Theorem 1.4 and

max{σlog(A1, z0), σlog(A2, z0)} = 0 < σlog(A0, z0) = 1.

We see that f satisfies

σlog(A0, z0)− 1 = σ[2,2](f, z0) = 0 ≤ σlog(A0, z0) = 1.

Example 4.2. For Theorem 1.5, we consider the analytic function in C\{z0}

f(z) = e
1

(z−z0)
2n+1 , n ∈ N.

Note that f is a solution to the homogeneous complex differential equation (4.2), for

A0(z) =
4(n+ 1)(2n+ 1)2

(z − z0)4n+5
, A1(z) = −(2n + 2)(2n+ 3)

(z − z0)2
, A2(z) =

2n+ 1

(z − z0)2n+2
.

The coefficients Aj(z), j = 0, 1, 2, satisfy the conditions of Theorem 1.5 and

max{σlog(A1, z0), σlog(A2, z0)} = σlog(A0, z0) = 1

and

max{τlog(A1, z0), τlog(A2, z0)} = 2n+ 2 < τlog(A0, z0) = 4n+ 5.

We remark that f satisfies

σlog(A0, z0)− 1 ≤ σ[2,2](f, z0) = σlog(A0, z0) = 1.



A. Dahmani, B. Belaı̈di 429

Example 4.3. For Theorem 1.7, the function f in (4.1) is an analytic solution in C\{z0} to the

following non-homogeneous linear differential equation

f ′′′(z) + A2(z)f
′′(z) + A1(z)f

′(z) + A0(z)f(z) = F (z),

where A0(z) =
2n(2n+2)(2n+3)

(z−z0)3
, A1(z) =

√
2(2n+2)
(z−z0)

, A2(z) =
√
2 and F (z) = 2n(2n+2)(2n+3)

(z−z0)3
. As we

see Aj(z), i = 0, 1, 2, and F (z) satisfy the conditions of Theorem 1.7 in case (ii) and

max{σlog(A1, z0), σlog(A2, z0)} = σlog(A0, z0) = 1,

max{τlog(A1, z0), τlog(A2, z0)} = 1 < τlog(A0, z0) = 3

and

σ[2,2](F, z0) = 0 < σlog(A0, z0) = 1.

Then f satisfies

σlog(A0, z0)− 1 = σ[2,2](f, z0) = 0 ≤ σlog(A0, z0) = 1.

§ 5. Conclusion

In this paper, we deal with the growth properties of solutions of the following complex linear

differential equations

f (k) + Ak−1(z)f
(k−1) + · · ·+ A1(z)f

′ + A0(z)f = 0,

f (k) + Ak−1(z)f
(k−1) + · · ·+ A1(z)f

′ + A0(z)f = F (z),

where Aj(z) (j = 0, 1, . . . , k − 1) and F (z) are analytic functions in C\{z0}, z0 is an essential

singular point. Since it’s hard to find some general forms for the solutions of the above equations,

we are interested in the study of the behavior of such solutions and specially the notion of the

growth by using the concepts of logarithmic order and logarithmic type near a singular point. The

strongest tool we used for establishing our results is the Nevanlinna theory which can be found

in [16, 17, 22]. Under some conditions on the growth of the coefficients, we improve and extend

some recent results due to Fettouch and Hamouda in [13]. Furthermore, we obtain similar results

to those in [5] for the complex plane C case.
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