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HITTING FUNCTIONS FOR MIXED PARTITIONS

Let Tρ be an irrational rotation on a unit circle S1 ≃ [0, 1). Consider the sequence {Pn} of increasing

partitions on S1. Define the hitting times Nn(Pn;x, y) := inf{j ≥ 1 | T j
ρ (y) ∈ Pn(x)}, where Pn(x)

is an element of Pn containing x. D. Kim and B. Seo in [9] proved that the rescaled hitting times

Kn(Qn;x, y) :=
logNn(Qn;x,y)

n
a. e. (with respect to the Lebesgue measure) converge to log 2, where the

sequence of partitions {Qn} is associated with chaotic map f2(x) := 2x mod 1. The map f2(x) has

positive entropy log 2. A natural question is what if the sequence of partitions {Pn} is associated with a

map with zero entropy. In present work we study the behavior of Kn(τn;x, y) with the sequence of mixed

partitions {τn} such that Pn ∩ [0, 12 ] is associated with map f2 and Dn ∩ [12 , 1] is associated with irrational

rotation Tρ. It is proved that Kn(τn;x, y) a. e. converges to a piecewise constant function with two values.

Also, it is shown that there are some irrational rotations that exhibit different behavior.
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Introduction

Studying the behavior of waiting and hitting times of dynamical systems is an important

problem of ergodic theory. These problems are closely related to dynamical Borel–Cantelli and

shrinking target problems (see, e. g., [1–8, 22]).

In present paper we study the behavior of hitting times Kn(Pn; x, y) depending on the type of

circle partitions.

Consider a dynamical system (M,F , T, µ)with T -invariant probability measure µ. For a

measurable subset A ∈ F , µ(A) > 0, we define the function RA : A → N as

RA(x) = min{j ≥ 1 | T jx ∈ A}.

The function RA is called the first return time function to the subset of A. An important

consequence of the existence of an invariant measure was obtained by A. Poincaré [23].

Theorem 1 (Poincaré’s return theorem). Let (M,F , T, µ) be a dynamical system with T -invariant

probability measure µ and A ∈ F , µ(A) > 0. Then for almost every point x of A there exists an

increasing sequence {nk, k = 1,∞}, such that T nkx ∈ A.

Poincaré’s return theorem does not provide information on the times of first returns. A great

number of articles have been published answering this question in various ways. Usually, the first

return time of x to a partition element generated by the transformation T itself is studied.

Classical Kac’s [18] lemma states that the average of the function RA(x) with respect to the

invariant measure µ does not exceed unity, i. e.,

∫

A

RA(x)dµ ≤ 1.

When T is ergodic transformation, the average is equal to one.

https://doi.org/10.35634/vm230201
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Note that if {An}∞n=1, An ⊃ An+1, n ≥ 1, is a sequence of subsets containing x, then

RAn
(x) is an increasing sequence. The asymptotic behavior of recurrence times was studied by

many authors (see, e. g., [9, 11, 12, 14, 16–18, 20, 21]).

Let P be a measurable partition of M. Define a sequence of partitions {Pn} as

Pn = P ∨ T−1P ∨ T−2P ∨ . . . ∨ T−n+1P,

where Q ∨ P := {Q ∩ P | Q ∈ Q, P ∈ P}.

Ornstein and Weiss in [13] showed that if T is ergodic transformation, then

lim
n→∞

logRPn(x)(x)

n
= h(T,P) µ-a. e.,

where Pn(x) — is the element of Pn containing the point x. Shannon, McMillian, and Breiman

in [10] proved that, if the entropy h(T,P) is positive, then

lim
n→∞

logRPn(x)(x)

− log µ(Pn(x))
= 1 a. e.

Let (X, d) be a metric space, B(x, r) = {z | d(x, z) < r} be a ball with radius r and center

at x. Now we define the upper and lower point dimension of the measure µ to x:

d̄µ(x) = lim
r→0+

sup
logµ(B(x, r))

log r
, dµ(x) = lim

r→0+
inf

log µ(B(x, r))

log r
.

Theorem 2 (see [9]). Let X ⊂ R
m be a measurable subset and T : X → X be a measurable

transformation and µ be T -invariant probability measure on X . If dµ(x) > 0 a. e. on X then

lim
r→0+

sup
log µ(B(x, r))

log r
≤ 1 a. e. for measure µ.

It is well known that each irrational number ρ ∈ [0, 1] has a unique continued fraction ex-

pansion ρ = [k1, k2, . . . , kn, . . .], where kn are natural numbers. Denote by pn
qn

:= [k1, k2, . . . , kn],
n ≥ 1, the convergent of ρ.

Definition 1 (see [9]). An irrational number θ, 0 < θ < 1, is said to be of type η if

η = sup{β | lim
n→∞

inf nβ‖nθ‖ = 0}.

For each t ∈ R we define its norm ‖ · ‖ by ‖t‖ = min
n∈Z

|t − n|, i. e., the distance to the nearest

integer.

Note that every irrational number is of type η ≥ 1 since q1−ε
n ‖qnθ‖ < 1/qεn for every ε > 0.

Let us denote by Mη the set of all irrational numbers of type η, belonging to segment [0, 1]. The

set of irrational numbers of type 1 has measure 1 and includes the set of irrational numbers of

“bounded type” (the elements of continued fraction expansion are uniformly bounded), which is

of measure 0 (see [10]). There exist numbers of type ∞, called the Liouville numbers.

We denote by µ1 the Lebesgue measure on the circle S1, and by µ2 the Lebesgue measure on

the torus S1 × S1.

Kim and Seo in [9] studied the behavior of Kn(Qn; x, y) w. r. t. sequence of partitions Qn =

=
{

Q
(n)
i := [i2−n, (i+ 1)2−n), i = 0, 1, . . . , 2n − 1

}

of the interval [0, 1).
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Theorem 3 (see [9]). For an irrational rotation

lim inf
n→∞

Kn(Qn; x, y) = log 2 a. e.

and

lim sup
n→∞

Kn(Qn; x, y) = η log 2 a. e.

The last theorem implies that if ρ is of type 1, then

lim
n→∞

Kn(Qn; x, y) = log 2.

Notice that the sequence of partitions Qn can be obtained by chaotic map f2(x) = 2x mod 1. It

is well known that the map f2 has positive entropy log 2.
Each irrational rotation Tρ has zero entropy. In present paper we study the behavior of hitting

times of irrational rotations when the interval [0, 1) is divided into subintervals with different kind

partitions. Combining the partitions Ql
n and Dr

n of the segments [0, 1
2
) and [1

2
, 1), respectively,

we obtain a partition τn of the circle. Notice that the lengths of the intervals of the partition τn
decrease exponentially to zero uniformly. Since ρ is irrational, the orbit of any point is dense on

the circle. Hence, the hitting function Nn(τn; x, y) takes finite number of values. As n tends to

infinite, the length of the intervals of the partitions τn decreases exponentially to zero and the

maximum value of the hitting function Nn(τn; x, y) exponentially increases to infinity. Let us

define the rescaled hitting functions Kn(τn; x, y):

Kn(τn; x, y) :=
logNn(τn; x, y)

n
.

An important problem is to determine the asymptotic behavior of the random variable Kn(τn; x, y)
as n → +∞.

Now we pass to formulate the main results of our work.

First we consider the irrational rotations Tρ for “unbounded type” ρ, i. e., the sequence of

elements of continued fraction expansion of ρ is unbounded.

Theorem 4. Let Tρ be a linear rotation of the circle and the number ρ belongs to the subset

of M1. Then, there exist subsets A1(ρ), A2(ρ) ⊂ S1 × S1, µ2(A1) = µ2(A2) =
1
2
, such that

lim
n→∞

Kn(τn; x, y) =







log 2, (x, y) ∈ A1,

π2

12 log 2
, (x, y) ∈ A2.

Let ρ be a quadratic irrational number, then its continued fraction is eventually periodic:

ρ = [a1, a2, . . . , am, k1, k2, . . . , ks, k1, k2, . . . , ks, . . .].

Put

ρ̄ := s
√
ρ1ρ2 . . . ρs,

where

ρ−1
1 := [k1, ks, ks−1, . . . , k1, . . .],

ρ−1
2 := [k2, k1, ks, ks−1, . . . , k1, ks, ks−1, . . . , k1, . . .],

. . . ,

ρ−1
s := [ks, ks−1, . . . , k1, ks, ks−1, . . . , k1, ks, ks−1, . . . , k1, . . .].

Now we formulate the limit theorem concerning the case of irrational rotations of quadratic

type.
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Theorem 5. Let Tρ be a linear rotation of the circle. Suppose ρ is a quadratic irrational number

and its continued fraction expansion has the form

ρ = [a1, a2, . . . , am, k1, k2, . . . , ks, k1, k2, . . . , ks, . . .], s ≥ 1.

Then, there are subsets A1(ρ), A2(ρ) ⊂ S1 × S1, µ2(A1) = µ2(A2) =
1
2
, such that

lim
n→∞

Kn(τn; x, y) =

{

log 2, (x, y) ∈ A1,

log ρ̄, (x, y) ∈ A2.

Remark 1. The results of Theorems 4 and 5 can be extended to mixed partition on [0, b] and [b, 1],
respectively, i. e., in statements of Theorems 4 and 5 the point 1

2
should be replaced by b.

§ 1. Dynamical partitions and first return functions

We consider the linear irrational rotation Tρx = (x + ρ) mod 1 on the circle S1 = R
1/Z1 ≃

≃ [0, 1). Define the positive orbit of the point as O+(x0) = {xn | xn = T n
ρ x0, n ≥ 0}. Consider

the first return times qn of the irrational number ρ. We put x0 = 0. Using the points of the

orbit O+(x0), we can define a sequence of dynamical partitions {Dn(x0), n ≥ 1} (see [15]). For

every n ≥ 1 the piece of the orbit On(x0) = {xi = T i
ρx0, 0 ≤ i < qn + qn−1} will divide the

circle into qn−1 + qn closed intervals. The obtained partition of a circle we denote by Dn(x0).
Let us describe the partitions Dn(x0), n ≥ 1. For even n the point xqn = T qn

ρ x0 lies to the

right of x0, and for odd n it lies to the left of x0. Let us denote by ∆
(n)
0 the interval connecting

the points x0 and xqn . Put ∆
(n)
i = T i

ρ∆
(n)
0 , i ≥ 0. The intervals ∆

(n)
s , s ≥ 0, are called segments

of the nth rank. It is well known (see [23]) that the partition Dn(x0) consists of the intervals of

two ranks:

Dn(x0) =
{

∆
(n−1)
0 ,∆

(n−1)
1 , . . . ,∆

(n−1)
qn−1

}

⋃

{

∆
(n)
0 ,∆

(n)
1 , . . . ,∆

(n)
qn−1−1

}

.

The partition Dn is called the nth dynamical partition of circle. Passing from partition Dn(x0)

to Dn+1(x0), all intervals ∆
(n)
i , 0 ≤ i < qn−1, of nth rank are preserved, but each interval ∆

(n−1)
i ,

0 ≤ i < qn, of (n− 1)th rank is divided into (kn+1 + 1) intervals:

∆
(n−1)
i (x0) = ∆

(n+1)
i ∪

kn+1−1
⋃

j=0

∆
(n)
i+jqn−1

. (1)

In fact, we get a decreasing sequence of dynamical partitions of the circle

D1(x0) � D2(x0) � . . .Dn(x0) � Dn+1(x0) � . . . .

Set ∆n := |∆(n)
i (x0)|, i ≥ 0, where | · | denotes the length of interval. The structure of dynamical

partition Dn(x0) implies qn+1∆n + qn∆n+1 = 1. Moreover, the relation (1) implies that the

sequence of lengths of intervals {∆n, n ≥ 1} satisfies the following difference equation:

∆n−1 = kn+1∆n +∆n+1, n ≥ 1. (2)

Now we give the well known properties of ∆n (see, e. g., [10]):

∆n := |qnρ− pn|,
1

2qn+1
< ∆n <

1

qn+1
, n ≥ 1. (3)
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Now, using orbits of two different points x0 and z0, we define another decreasing sequence

{Dn(x0; z0), n ≥ 1} of dynamic partitions of the circle. Let 0 < z0 < ρ. There exists n0 := n(z0)
such that

∆n0+1 < |[0, z0]| = z0 ≤ ∆n0 .

Using the equation (2), we get that there is a unique number k0 = k0(z0), 0 ≤ k0 ≤ kn+1 − 1,
such that

∆n+2 + k0∆n+1 < z0 ≤ ∆n+2 + (k0 + 1)∆n+1.

For an even n0, using the structure of dynamical partitions Dn0(x0) and the arrangement of points

zi = T i
ρz0, i ≤ 0, on the circle, it can easily be shown that 0 = x0 < z−qn0−k0qn0+1 < x−qn0+1 < z0.

Let us introduce the following notations:

L
(n0)
0 := [x0; z−qn0−k0qn0+1), R

(n0)
0 := [x−qn0+1; z0), M

(n0)
0 := [z−qn−k0qn0+1

; x−qn0+1).

If n0 is odd then

R
(n0)
0 := [x0; z−qn0+1), L

(n0)
0 := [x−qn0−k0qn+1; z0), M

(n0)
0 := [z−qn0+1; x−qn0−k0qn0+1).

By construction, the semiintervals L
(n0)
0 , M

(n0)
0 and R

(n0)
0 are pairwise disjoint and

[x0; z0) = L
(n0)
0 ∪M

(n0)
0 ∪R

(n0)
0 .

Lemma 1. For every n0 ≥ 1 the system of intervals

Dn0(x0; z0) =
{

T i
ρL

(n0)
0 , 0 ≤ i < qn0 + k0qn0+1, T

j
ρR

(n0)
0

}

⋃

⋃

{

0 ≤ j < qn0+1, T
r
ρM

(n0)
0 , 0 ≤ r < qn0 + (k0 + 1)qn0+1

}

forms a partition of the circle.

P r o o f. Using the structure of dynamic partitions we obtain that if n0 is even and 0 ≤ j < qn0+1,

then

∆
(n0)
j (x0) =

k0−1
⋃

s=1

(

L
(n0)
j+qn0+sqn0+1

∪M
(n0)
j+qn0+sqn0+1

)

∪
(

L
(n0)
j ∪M

(n0)
j ∪ R

(n0)
j ∪M

(n0)
j+qn0+k0qn0+1

)

,

∆
(n0+1)
i (x0) = L

(n0)
i+qn0+1

∪M
(n0)
i+qn0+1

, 0 ≤ i < qn0 .

If n0 is odd and 0 ≤ j < qn0+1, then

∆
(n0)
j (z0) =

k0−1
⋃

s=1

(

L
(n0)
j+qn0+sqn0+1

∪M
(n0)
j+qn0+sqn0+1

)

∪
(

L
(n0)
j ∪M

(n0)
j ∪ R

(n0)
j ∪M

(n0)
j+qn0+k0qn0+1

)

,

∆
(n0+1)
i (z0) = L

(n0)
i+qn0+1

∪M
(n0)
i+qn0+1

, 0 ≤ i < qn0 .

Obviously, the system of intervals

{

T i
ρ∆

(n0)
0 , 0 ≤ i < qn0+1, T

j
ρ∆

(n0+1)
0 , 0 ≤ j < qn0

}

will be a partition of the circle. This means that the system of segments Dn0(x0; z0) forms a

partition of the circle. Lemma 1 is proved. �
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Let A ⊂ S1 be a measurable subset with µ(A) > 0. Define the first return time RA : A → N

as

RA(x) = inf{j ≥ 1 | T j
ρx ∈ A} for all x ∈ A.

Slater in [19] proved that in the case when A is an interval, RA(x) takes only two or three values.

The short proof of this fact was found by D. Kim and B. Seo in [9].

Theorem 6 (see [9]). Let Tρ be a linear irrational rotation and b ∈ (0, ρ) be a fixed number. Let

nb = n(b) ≥ 0 be an integer such that ∆nb+1 < b ≤ ∆nb
and Kb := K(b) be an integer defined

as Kb = max{k ≥ 0 | k∆nb+1 + b < ∆nb
}. If nb ≥ 0 is odd, then

R[0,b)(x) =











qnb+1, x ∈ [0, b−∆nb+1),

qnb
+ (Kb + 2)qnb+1, x ∈ [b−∆nb+1,∆nb

− (Kb + 1)∆nb+1),

qnb
+ (Kb + 1)qnb+1, x ∈ [∆nb

− (Kb + 1)∆nb+1, b).

If nb ≥ 0 is even, then

R[0,b)(x) =











qnb
+ (Kb + 1)qnb+1, x ∈ [0, b+ (Kb + 1)∆nb+1 −∆nb

),

qnb
+ (Kb + 2)qnb+1, x ∈ [b+ (Kb + 1)∆nb+1 −∆nb

,∆nb+1),

qnb+1, x ∈ [∆nb+1, b).

Remark 2. Note that the value R[0,b)(x) at the middle interval is the sum of two other values.

Remark 3. 0 ≤ Kb < kn+1 for all nb ≥ 0.

§ 2. Proof of Theorems 4 and 5

It is well known that continued fractions are closely related to the Gauss mapping and have

many remarkable ergodic properties. We first present three necessary lemmas from the ergodic

theory of continued fractions and then prove Theorems 4 and 5 (see [23]).

Lemma 2 (see [23]). There is a subset M of irrational numbers M ⊂ [0, 1) such that µ1(M) = 1,
and for every ρ ∈ M:

lim
n→∞

log qn(ρ)

n
=

π2

12 log 2
.

Now we will prove several lemmas and then move to prove Theorem 4.

Lemma 3. Let ρ = [a1, a2, . . . , am, k1, k2, . . . , ks, k1, k2, . . . , ks, . . .] be a quadratic irrational

number. For every j = 1, s there is the following limit:

lim
n→∞

log
qns+j

qns+j−1

= log ρj .

P r o o f. Using the relation qn+1 = kn+1qn + qn−1, we obtain:

qns+j

qns+j−1
=

kjqns+j−1 + qns+j−2

qns+j−1
= kj +

1

qns+j−1

qns+j−2

=

= kj +
1

kj−1 +
qns+j−2

qns+j−3

= . . . = kj +
1

kj−1 +
1

. . . a2 +
1

a1

=

= [kj, kj−1, . . . , k1, ks, ks−1, . . . , kj, kj−1, . . . , k1, . . . , kj, kj−1, . . . , k1, am, am−1, . . . , a1].

This implies the assertion of Lemma 3. �
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Let us formulate the next lemma.

Lemma 4. Let ρ = [a1, a2, . . . , am, k1, k2, . . . , ks, k1, k2, . . . , ks, . . .] be a quadratic irrational

number. Then for every 1 ≤ i ≤ s there is a limit

lim
n→∞

log qns+i

ns+ i
= log ρ̄, (4)

and its value does not depend on j.

P r o o f. Using the Stolz–Cesaro theorem and Lemma 3, we obtain:

lim
n→∞

log qns+i

ns+ i
= lim

n→∞

log qns+i − log q(n−1)s+i

s

= lim
n→∞

1

s
(log

qns+i

qns+i−1
+ log

qns+i−1

qns+i−2
+ . . .+ log

q(n−1)s+i+1

q(n−1)s+i

)

=
log ρ1 + log ρ2 + . . .+ log ρs

s
= log ρ̄.

Lemma 4 is proved. �

One has the following lemma.

Lemma 5. For almost all irrational numbers ρ ∈ [0, 1) and almost all points (w. r. t. Lebesgue

measure) (x, y) ∈ [0, 1
2
)× [0, 1) there is a limit

lim sup
n→∞

Kn(τn; x, y) = log 2.

P r o o f. It is well known that a linear irrational rotation of the circle Tρ is ergodic. Let x ∈ [0, 1
2
).

Using the assertion of Theorem 6, we obtain

Nn(τn; x, y) = R
Q

(n)
s
(y) ≤ qj(n) + (k + 1)qj(n)+1, 1 ≤ k ≤ kj(n)+1,

Kn(τn; x, y) =
1

n
logNn(τn; x, y) ≤

log(qj(n) + (k + 1)qj(n)+1)

n
≤

log 2 + log qj(n)+2

n
,

where j(n) can be determined uniquely from relation ∆j(n)+1 ≤ 2−n < ∆j(n).

Assume that the irrational number ρ is of type 1. For sufficiently small ε > 0 the following

estimate holds

q1+ε
j(n)+2∆

(j(n)+2)
0 > Cε,

where Cε is a positive constant.

Using the inequality (3), we get

qj(n)+2 <
1

∆j(n)+1
and q1+ε

j(n)+1 >
Cε

∆j(n)+1
.
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Hence,

lim
n→∞

log(2qj(n)+2)

n
≤ lim

n→∞

log 2− log∆j(n)+1

n

≤ lim
n→∞

log 2− logCε + (1 + ε) log qj(n)+1

n

≤ lim
n→∞

log 2− logCε − (1 + ε) log∆(j(n))

n

≤ lim
n→∞

log 2− logCε − (1 + ε) log 2−n

n
=(1 + ε) log 2. �

Next we prove the following useful lemma.

Lemma 6. For Lebesgue almost all y ∈ [0, 1) and an arbitrary point x ∈ [0, 1
2
), the following

limit holds:

lim inf
n→∞

Kn(τn; x, y) = log 2.

P r o o f. Consider the sequence of sets

Gε
n =

{

(x, y)

∣

∣

∣

∣

x ∈
[

0,
1

2

)

, Kn(τn; x, y) < log 2− ε

}

.

Now we estimate µ2(G
ε
n). It is clear that

µ2(G
ε
n) =µ2

({

(x, y)

∣

∣

∣

∣

x ∈
[

0,
1

2
,

)

, RQn(x)(y) < exp {n(log 2− ε)}
})

=
∑

Qn(x)∈Qn

[en(log 2−ε)]
∑

r=1

|Qn(x)|µ1

({

y
∣

∣RQn(x)(y) = r
})

≤
∑

Qn(x)∈Qn

[en(log 2−ε)]
∑

r=1

|Qn(x)| · |Qn(x)|

=
∑

Qn(x)∈Qn

en(log 2−ε)|Qn(x)|2 =
2−n

2
en(log 2−ε) =

e−nε

2
.

Using the last equality, we obtain

µ2(G
ε
n) <

e−nε

2
.

Since the series
∑

µ2(G
ǫ
n) converges, using the Borel–Cantelli lemma, we get that

µ2(lim supGǫ
n) = 0.

The last relation together with the definition of Gε
n(x) implies that there exists an increasing

sequence {nk} such that lim
k→∞

Knk
(τnk

; x, y) = log 2. �
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Using Lemmas 5 and 6, we get that, for almost all irrational numbers ρ,

lim
n→∞

Kn(τn; x, y) = log 2 µ2-a. e. (x, y) ∈
[

0,
1

2

)

× S1.

We denote by A1 the subset of
[

0, 1
2

)

× S1 where the last limit exists.

Next we prove the following useful lemma.

Lemma 7. For almost all irrational numbers ρ ∈ [0, 1) and almost all points x ∈
(

1
2
, 1
)

:

lim sup
n→∞

Kn(τn; x, y) =
π2

12 log 2
.

P r o o f. Let x ∈ ∆
(n)
k , 0 ≤ k < qn+1. We have Nn(τn; x, y) = R

∆
(n)
k

(y). For x ∈ ∆
(n)
k , using

Theorem 6, we obtain

Nn(τn; x, y) ≤ qn + qn+1,

and

Kn(τn; x, y) =
1

n
logNn(τn; x, y) ≤

log(qn + qn+1)

n
≤

log(2qn+1)

n
.

Using the assertion of Lemma 2, we get that, for almost all irrational numbers ρ ∈ (0, 1),

lim
n→∞

log qn

n
=

π2

12 log 2
,

respectively, for almost all irrational numbers

lim sup
n→∞

Kn(τn; x, y) = lim
n→∞

log 2qn+1

n
=

π2

12 log 2
.

In the case x ∈ ∆
(n+1)
j , 0 ≤ j < qn, the last relation can be proved similarly. �

Lemma 8. For almost all y ∈ [0, 1) and an arbitrary point x ∈
(

1
2
, 1
)

, the following limit holds:

lim inf
n→∞

Kn(τn; x, y) =
π2

12 log 2
.

P r o o f. Let x ∈
(

1
2
, 1
)

. Put

Cε
n(x) :=

{

(x, y)

∣

∣

∣

∣

∣

x ∈
(

1

2
, 1

)

, Kn(τn; x, y) <
π2

12 log 2
− ε

}

=

{

(x, y)

∣

∣

∣

∣

R∆(n)(x)(y) < e−nε+ nπ2

12 log 2

}

,
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where ∆(n)(x) is an element of the partition Dr
n containing x. Now let us estimate the probabilities

of the events Cε
n:

µ2(C
ε
n) =

[

e
−nε+ nπ2

12 log 2

]

∑

l=1

µ2({(x, y) | R∆(n)(x)(y) = l})

≤
∑

∆(n)(x)∈Dr
n

e−nε+ nπ2

12 log 2 |∆(n)(x)|

<
max{|∆(n)(x)|}

2
e−nε+ nπ2

12 log 2

<
e−nε+ nπ2

12 log 2

qn
.

By Lemma 2, for ∀ε > 0 ∃N0 = N0(ε) such that, for all ∀n > N0,

nπ2

12 log 2
− ε

2
<

log qn
n

<
nπ2

12 log 2
+

ε

2
.

Using the last inequalities, it can be easily shown that

qn > exp

{

n

(

nπ2

12 log 2
− ε

2

)}

,

and

µ2(C
ε
n) < e−

nε
2 .

Obviously, the series
∑

µ2(C
ε
n) converges. Using the Borel–Cantelli lemma, we get that

µ2(lim supCε
n) = 0,

which implies that there is a sequence {nk} such that

lim
nk→∞

Knk
(τnk

; x, y) =
π2

12 log 2
. �

Let x ∈
(

1
2
, 1
)

. Using Lemmas 7 and 8, we get that, for almost all irrational numbers ρ and

almost all (x, y) ∈
(

1
2
, 1
)

× [0, 1),

lim
n→∞

Kn(τn; x, y) =
π2

12 log 2
.

We denote by A2 the subset of
(

1
2
, 1
)

× S1 where the last limit exists. It is easy to check that

A2 ∈ S1 × S1 and µ2(A2) =
1

2
.

Using Lemmas 5–8, we get that, for Lebesgue almost all irrational numbers 0 < ρ < 1,

lim
n→∞

Kn(τn; x, y) =







log 2, (x, y) ∈ A1,

π2

12 log 2
, (x, y) ∈ A2.
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Theorem 4 is proved. �

Now let us prove Theorem 5.

Let ρ = [a1, a2, . . . , am, k1, k2, . . . , ks, k1, k2, . . . , ks, . . .] be a quadratic irrational number. It

is clear that the type of a quadratic irrational number is 1. Using Lemmas 5 and 6, we get:

lim
n→∞

Kn(τn; x, y) = log 2 a. e.

[

0,
1

2

)

× S1.

We need the following Lemma.

Lemma 9. Let Tρ be a linear rotation of the circle and ρ be a quadratic irrational number. Then

lim
n→∞

Kn(τn; x, y) = log ρ̄ a. e. (x, y) ∈
(

1

2
, 1

)

× S1.

P r o o f. Suppose x ∈
(

1
2
, 1
)

. Then, there are n and l such that x ∈ ∆
(n)
l . In this case, we have

Nn(τn; x, y) = R
∆

(n)
l

(y) ≤ qn + qn+1 < 2qn+1.

The relation (4) implies that

lim
n→∞

Kn(τn; x, y) ≤ lim
n→∞

log 2qn+1

n
= lim

n→∞

log 2 + log qn+1

n
= log ρ̄.

Put

Hε
n =

{

(x, y)

∣

∣

∣

∣

x ∈
(

1

2
, 1

)

, Kn(τn; x, y) < log ρ̄

}

.

Now we estimate µ2(H
ε
n). It is clear that

µ2(H
ε
n) =µ2

({

(x, y)

∣

∣

∣

∣

x ∈
(

1

2
, 1

)

, R∆n(x)(y) < exp {n(log ρ̄− ε)}
})

=
∑

∆n(x)∈Dr
n

[en(log ρ̄−ε)]
∑

r=1

|∆n(x)|µ1

({

y
∣

∣R∆n(x)(y) = r
})

≤
∑

∆n(x)∈Dr
n

[en(log ρ̄−ε)]
∑

r=1

|∆n(x)| · |∆n(x)|

=
∑

∆n(x)∈Dr
n

en(log ρ̄−ε)|∆n(x)|2

≤1

2
max |∆n(x)|en(log ρ̄−ε)

=
en(log ρ̄−ε)

2
|∆(n)

0 |

<q−1
n+1e

n(log ρ̄−ε).

By (4), for ∀ε > 0 there exists N0 = N0(ε) such that, for all n > N0,

en(log ρ̄−
ε
2) < qn+1 < en(log ρ̄+

ε
2).
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Using the last equality, we obtain:

µ2(H
ε
n) < e

−nε
2 .

Since the series
∑

µ2(H
ǫ
n)) converges, using the Borel–Cantelli lemma, we get that

µ2(lim supGǫ
n) = 0.

Hence, it follows that

lim
n→∞

Kn(τn; x, y) = log ρ̄ a. e. (x, y) ∈
(

1

2
, 1

)

× S1. �

Using the statements of Lemmas 7–9, we obtain:

lim
n→∞

Kn(τn; x, y) =

{

log 2, (x, y) ∈ A1,

log ρ̄, (x, y) ∈ A2.

Theorem 5 is completely proved. �
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А. А. Джалилов, М. К. Хомидов

Функции попадания для смешанных разбиений окружности

Ключевые слова: иррациональное вращение, время попадания, динамическое разбиение, предельная

теорема.

УДК 517.938

DOI: 10.35634/vm230201

Пусть Tρ — иррациональный поворот на единичной окружности S1 ≃ [0, 1). Рассмотрим после-

довательность {Pn} возрастающих разбиений на S1. Определим время попадания Nn(Pn;x, y) :=
inf{j ≥ 1 | T

j
ρ (y) ∈ Pn(x)}, где Pn(x) — элемент разбиения Pn, содержащий точку x. Д. Ким

и Б. Сео [9] доказали, что время попадания Kn(Qn;x, y) := logNn(Qn;x,y)
n

почти всюду (по мере

Лебега) сходится к log 2, где последовательность разбиений {Qn} порождена хаотическим отобра-

жением f2(x) := 2x mod 1. Хорошо известно, что отображение f2 имеет положительную энтропию

log 2. Возникает естественный вопрос о том, что если последовательность разбиений {Pn} порож-

дена отображением с нулевой энтропией. В настоящей работе мы изучаем поведение Kn(τn;x, y)
с последовательностью смешанных разбиений τn таких, что Qn∩ [0, 12 ] порождена отображением f2,

а Dn ∩ [12 , 1] порождена иррациональным поворотом Tρ. Доказано, что Kn(τn;x, y) почти всюду (по

мере Лебега) сходится к кусочно-постоянной функции с двумя значениями. Также показано, что

существуют некоторые иррациональные повороты, демонстрирующие различное поведение.

СПИСОК ЛИТЕРАТУРЫ

1. Hussain M., Li Bing, Simmons D., Wang Baowei. Dynamical Borel–Cantelli lemma for recurrence

theory. arXiv:2009.03515 [math.DS]. 2021. https://doi.org/10.48550/arXiv.2009.03515

2. Kleinbock D., Yu Shucheng. A dynamical Borel–Cantelli lemma via improvements to Dirichlet’s

theorem // Moscow Journal of Combinatorics and Number Theory. 2020. Vol. 9. No. 2. P. 101–122.

https://doi.org/10.2140/moscow.2020.9.101

3. Maucourant F. Dynamical Borel–Cantelli lemma for hyperbolic spaces // Israel Journal of Mathematics.

2006. Vol. 152. Issue 1. P. 143–155. https://doi.org/10.1007/BF02771980

4. Chernov N., Kleinbock D. Dynamical Borel–Cantelli lemmas for Gibbs measures // Israel Journal of

Mathematics. 2001. Vol. 122. Issue 1. P. 1–27. https://doi.org/10.1007/BF02809888

5. Athreya J. S. Logarithm laws and shrinking target properties // Proceedings — Mathematical Sciences.

2009. Vol. 119. Issue 4. P. 541–557. https://doi.org/10.1007/s12044-009-0044-x

6. Li Bing, Wang Bao-Wei, Wu Jun, Xu Jian. The shrinking target problem in the dynamical system

of continued fractions // Proceedings of the London Mathematical Society. 2014. Vol. 108. Issue 1.

P. 159–186. https://doi.org/10.1112/plms/pdt017

7. Fayad B. Mixing in the absence of the shrinking target property // Bulletin of the London Mathematical

Society. 2006. Vol. 38. Issue 5. P. 829–838. https://doi.org/10.1112/S0024609306018546

8. Galatolo S., Kim Dong Han. The dynamical Borel–Cantelli lemma and the waiting time problems //

Indagationes Mathematicae. 2007. Vol. 18. Issue 3. P. 421–434.

https://doi.org/10.1016/S0019-3577(07)80031-0

9. Kim Dong Han, Seo Byoung Ki. The waiting time for irrational rotations // Nonlinearity. 2003. Vol. 16.

Issue 5. P. 1861–1868. https://doi.org/10.1088/0951-7715/16/5/318

10. Choe Geon Ho. Computational ergodic theory. Berlin–Heidelberg: Springer, 2005.

https://doi.org/10.1007/b138894

11. Barreira L., Saussol B. Hausdorff dimension of measures via Poincaré recurrence // Communications
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