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HITTING FUNCTIONS FOR MIXED PARTITIONS

Let T, be an irrational rotation on a unit circle S' ~ [0,1). Consider the sequence {P,} of increasing
partitions on S'. Define the hitting times N,,(Pp;z,y) := inf{j > 1 | Ti(y) € Pu(x)}, where P,(z)
is an element of P, containing z. D. Kim and B. Seo in [9] proved that the rescaled hitting times
K, (Qpn;x,y) = M a.e. (with respect to the Lebesgue measure) converge to log 2, where the
sequence of partitions {Q,,} is associated with chaotic map fa(x) := 2x mod 1. The map fo(x) has
positive entropy log 2. A natural question is what if the sequence of partitions {P,} is associated with a
map with zero entropy. In present work we study the behavior of K,,(7,; z,y) with the sequence of mixed
partitions {7,,} such that P,, N [0, 3] is associated with map f and D,, N [3,1] is associated with irrational
rotation T,. It is proved that K, (7,; x,y) a.e. converges to a piecewise constant function with two values.
Also, it is shown that there are some irrational rotations that exhibit different behavior.
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Introduction

Studying the behavior of waiting and hitting times of dynamical systems is an important
problem of ergodic theory. These problems are closely related to dynamical Borel-Cantelli and
shrinking target problems (see, e. g., [1-8,22]).

In present paper we study the behavior of hitting times K,,(P,; x,y) depending on the type of
circle partitions.

Consider a dynamical system (M, F, T, p)with T-invariant probability measure . For a
measurable subset A € F, u(A) > 0, we define the function R4: A — N as

Ra(z) =min{j > 1| Tz € A}.

The function R4 is called the first return time function to the subset of A. An important
consequence of the existence of an invariant measure was obtained by A. Poincaré [23].

Theorem 1 (Poincaré’s return theorem). Let (M, F, T, i) be a dynamical system with T-invariant
probability measure ;1 and A € F, i(A) > 0. Then for almost every point x of A there exists an
increasing sequence {ny, k = 1,00}, such that T"x € A.

Poincaré’s return theorem does not provide information on the times of first returns. A great
number of articles have been published answering this question in various ways. Usually, the first
return time of x to a partition element generated by the transformation 7" itself is studied.

Classical Kac’s [18] lemma states that the average of the function R4(z) with respect to the
invariant measure y does not exceed unity, i.¢e.,

/ Ra(z)du < 1.

A

When T is ergodic transformation, the average is equal to one.


https://doi.org/10.35634/vm230201

198 Hitting functions for mixed partitions

Note that if {A4,}>2,, A, D A,11, n > 1, is a sequence of subsets containing x, then

n=1»
R4, (x) is an increasing sequence. The asymptotic behavior of recurrence times was studied by

many authors (see, e.g., [9,11,12,14,16-18,20,21]).
Let P be a measurable partition of M. Define a sequence of partitions {P, } as

P, =PVT'PVvT2Pv..  vT "p,

where QVP:={QNP|Q e Q, PeP}.
Ornstein and Weiss in [13] showed that if 7" is ergodic transformation, then

log Rp (
o Jog By )(x):h

n—o0 n

(T,P) p-a.e.,

where P,(x) — is the element of P, containing the point x. Shannon, McMillian, and Breiman
in [10] proved that, if the entropy h(T, P) is positive, then

log Rp (.
iy 108 Po(2)(T)

=1 a.e.
n—o0 —log p(Pn())

Let (X, d) be a metric space, B(z,7) = {z | d(x,z) < r} be a ball with radius  and center
at x. Now we define the upper and lower point dimension of the measure y to x:

p , log 1u(B(z, 7)) .. . logu(B(z,r))
p(z) = lim sup ————, d,(7) = lim inf ————.

r—0+ log r r—0+ log r
Theorem 2 (see [9]). Let X C R™ be a measurable subset and T': X — X be a measurable
transformation and |1 be T-invariant probability measure on X. If c_lu(:c) > 0a.e on X then

lim sup log u(B(z,7))

< 1 a. e. for measure (1.
r—0+ log r - Y a

It is well known that each irrational number p € [0, 1] has a unique continued fraction ex-
pansion p = [k, ks, ..., ky, ...|, where k,, are natural numbers. Denote by z_: = [k1, ko, ... Kl
n > 1, the convergent of p.

Definition 1 (see [9]). An irrational number 6, 0 < 6 < 1, is said to be of type 7 if
n =sup{B | lim inf n?||nd|| = 0}.
n—oo

For each ¢ € R we define its norm | - || by ||t]| = mi% |t —n|, i.e., the distance to the nearest
ne

integer.

Note that every irrational number is of type n > 1 since ¢ ~¢||¢,0| < 1/¢¢ for every € > 0.
Let us denote by M, the set of all irrational numbers of type 7, belonging to segment [0, 1]. The
set of irrational numbers of type 1 has measure 1 and includes the set of irrational numbers of
“bounded type” (the elements of continued fraction expansion are uniformly bounded), which is
of measure 0 (see [10]). There exist numbers of type oo, called the Liouville numbers.

We denote by 11 the Lebesgue measure on the circle S, and by 5 the Lebesgue measure on
the torus S* x S1.

Kim and Seo in [9] studied the behavior of K,,(Q,;x,y) w.r.t. sequence of partitions Q,, =

- {@gm =2, (i +1)27"), i=0,1,...,2" — 1} of the interval [0, 1),
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Theorem 3 (see [9]). For an irrational rotation
lim inf K,(Q,;z,y) =log2 a.e.
n—o0

and

Q

lim sup K, (Q,;z,y) =nlog2 a.

n—o0

The last theorem implies that if p is of type 1, then
lim K,,(Q,;z,y) = log2.
n—oo

Notice that the sequence of partitions Q,, can be obtained by chaotic map fo(z) = 22 mod 1. It
is well known that the map f»> has positive entropy log 2.

Each irrational rotation 7}, has zero entropy. In present paper we study the behavior of hitting
times of irrational rotations when the interval [0, 1) is divided into subintervals with different kind
partitions. Combining the partitions Q! and D!, of the segments [0, %) and [%, 1), respectively,
we obtain a partition 7,, of the circle. Notice that the lengths of the intervals of the partition 7,
decrease exponentially to zero uniformly. Since p is irrational, the orbit of any point is dense on
the circle. Hence, the hitting function NV, (7,; x, y) takes finite number of values. As n tends to
infinite, the length of the intervals of the partitions 7,, decreases exponentially to zero and the
maximum value of the hitting function N, (7,;z,y) exponentially increases to infinity. Let us
define the rescaled hitting functions K,,(7,,; x,y):

log No(7a; 2, y)

Ky(to;2,y) = - :

An important problem is to determine the asymptotic behavior of the random variable K, (7,,; x, y)
as n — +o0.

Now we pass to formulate the main results of our work.

First we consider the irrational rotations 7, for “unbounded type” p, i.e., the sequence of
elements of continued fraction expansion of p is unbounded.

Theorem 4. Let T, be a linear rotation of the circle and the number p belongs to the subset
of My. Then, there exist subsets A1(p), As(p) C S* x S, pa(Ar) = pa(As) = 1, such that

10g27 (Jf,y) € A17
lim K, (7,;x,y) = 2
n—00 _— € A,.
1210g27 (xvy) 2
Let p be a quadratic irrational number, then its continued fraction is eventually periodic:
P = [al,ag,...,am, k?l,kfg,...,ks, kl,kg,...,ks,...].
Put
P = N/P1pP2 - Ps;
where
R IO 0 TN T}
Pg_l = [k:27 kla ksa k:s—la R k:la ksa ks—la R kla e ']7

pg_l = [ksa ksflu ceey klu ksu ksfh R klu k87 ksflu ceey kh o ]

Now we formulate the limit theorem concerning the case of irrational rotations of quadratic
type.
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Theorem S. Let T}, be a linear rotation of the circle. Suppose p is a quadratic irrational number
and its continued fraction expansion has the form

p:[al,ag,...,am, k’l,k’g,...,ks, k?l,k’g,...,k’s,...], 821

Then, there are subsets Ai(p), As(p) C S* x SY, pa(Ar) = po(As) = 3, such that

lim K, (7,;x,y) =

n—oo

10g27 (l’,’y) € A17
logp, (z,y) € As.

Remark 1. The results of Theorems 4 and 5 can be extended to mixed partition on [0, b] and [b, 1],
respectively, 1. e., in statements of Theorems 4 and 5 the point % should be replaced by b.

§ 1. Dynamical partitions and first return functions

We consider the linear irrational rotation 7,z = (z + p) mod 1 on the circle S = R'/Z! ~
=~ [0, 1). Define the positive orbit of the point as OF (xo) = {z,, | z, = T}'zo, n > 0}. Consider
the first return times ¢, of the irrational number p. We put xg = 0. Using the points of the
orbit O (), we can define a sequence of dynamical partitions {D,,(zo), n > 1} (see [15]). For
every n > 1 the piece of the orbit O, () = {z; = Tixo, 0 < i < ¢y + ¢u—1} Will divide the
circle into ¢,,_1 + ¢, closed intervals. The obtained partition of a circle we denote by D,,(zy).

Let us describe the partitions D, (), n > 1. For even n the point z,, = T3z, lies to the

right of z(, and for odd n it lies to the left of xy. Let us denote by A(()") the interval connecting
the points x and z,,. Put Ag”) =T ;A(O”), i > 0. The intervals A", s > 0, are called segments
of the nth rank. It is well known (see [23]) that the partition D,,(x() consists of the intervals of
two ranks:

n—1 n—1 n—1 n n n
Dn(xO):{Aé )7A§ )77A¢(1n—1)}U{A(() )7A§ )77A¢(1n),1—1}

The partition D, is called the nth dynamical partition of circle. Passing from partition D,, ()
n—1)

to D,,+1(x0), all intervals AE"), 0 <1 < ¢,_1, of nth rank are preserved, but each interval AZ(
0 <i < ¢y, of (n — 1)th rank is divided into (k,; + 1) intervals:

Eny1—1
n—1 n+1 n
A () =AU () Al (1)
=0

In fact, we get a decreasing sequence of dynamical partitions of the circle

Dl(ZEQ) j Dg(xo) < Dn(ZL‘Q) j Dn+1(ZL‘0) <

Set A,, := |A§") (x0)], ¢ > 0, where | - | denotes the length of interval. The structure of dynamical
partition D,,(zo) implies ¢,+1A, + ¢, Anr1 = 1. Moreover, the relation (1) implies that the
sequence of lengths of intervals {A,,, n > 1} satisfies the following difference equation:

Anfl = knJrlAn + AnJrlu n > 1. (2)

Now we give the well known properties of A,, (see, e. g., [10]):

1 1
A= gup = pal, 5—— <A< — n>1. )
2Qn+1 dn+1
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Now, using orbits of two different points xy and zy3, we define another decreasing sequence
{D,(x0;20), n > 1} of dynamic partitions of the circle. Let 0 < z5 < p. There exists ng := n(zo)
such that

An0+1 < |[O>ZO]| =20 < An()'

Using the equation (2), we get that there is a unique number kg = ko(20), 0 < ko < kpi1 — 1,
such that

Apyo 4+ koAni1 < 20 < Apyo + (ko + 1)An 1.

For an even ny, using the structure of dynamical partitions D,,, (o) and the arrangement of points
Z; = T;zo, 1 < 0, on the circle, it can easily be shown that 0 = z( < 2y —kotngt1 < T—gngs1 < 20
Let us introduce the following notations:

(no) ._ 1. . (no) ._ ) (no) ._ .
LO T [‘TOv Z_Qno_kOQn0+l)7 RO T [x_Qn0+l7 20)7 MO T [Z_Qn_kOQn0+l’ x_Qn0+1)’

If ng is odd then

(no) ._ .. . (no) ._ . (no) ._ .
RO T [SL’Q, z*qn0+1>7 LO T [x*QnO*kOQn-Fl’ zO)v MO T ['Z*qnoﬂﬂ x*QnO*kOQnO-Fl)'

) M{™ and R{"™ are pairwise disjoint and

By construction, the semiintervals L(()"O
[20; 20) = L5 U M{™ U RS,

Lemma 1. For every ng > 1 the system of intervals
Doy (05 20) = { TILE™, 0 < i < gy + hotngr, TIRE™ HJ
{025 < gt TEME, 0.7 < g + (ko + D |

forms a partition of the circle.

P r o o f. Using the structure of dynamic partitions we obtain that if ny is even and 0 < j < @41,
then

ko—1
(no) _ (no) (no) (no) (no) (no) (no)
A] ’ ('IO) - U (LjJr()Qno+SQno+l U MjJr(z]noJrSQno-H) V (LJ ' Y MJ ’ Y RJ ’ Y MjJqunOJrkoan‘H)’
s=1
no+1 n n y
Az(' ’ )(xO) = LZ(Jr(ZI)n()-H U Mi(+?]3Lo+l’ 0<% < -
If ng is odd and 0 < j < g,,,41, then
ko—1
(no)(, \ _ (no) (n0) (n0) (no) | ) p(no) (0)
A () = | ( L9 o U MH(;%H%()H) U (L]. U ME U R U Mj+gno+koqn0+l),
s=1
no+1 n L ;
Az( ’ )<ZO) = LZ(+(:1)710+1 U Mi(-f-gr)zoﬂ’ 0=1%<qn.

Obviously, the system of intervals
(T, 0 < < guonr, TIAT™, 0 < oo |

will be a partition of the circle. This means that the system of segments D, (z¢; zo) forms a
partition of the circle. Lemma 1 is proved. UJ
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Let A C S! be a measurable subset with 1(A) > 0. Define the first return time R4: A — N
as
Ra(x) =inf{j > 1| ijx € A} forallz € A.

Slater in [19] proved that in the case when A is an interval, R (x) takes only two or three values.
The short proof of this fact was found by D. Kim and B. Seo in [9].

Theorem 6 (see [9]). Let T), be a linear irrational rotation and b € (0, p) be a fixed number. Let
ny = n(b) > 0 be an integer such that A, 1, < b < A,, and K}, := K(b) be an integer defined
as Ky = max{k > 0| kA,,+1 +b <A, }. If ny > 0 is odd, then

Qny+15 z € 10,0 — Apyy1),
Riop) () = € qny + (K +2)Gny1, € [0 — Apy i1, Ay, — (K + 1) A, 41),
Oy + (Kp + 1)Gny+1, € [An, — (Kp+1)A,, 41, 0).
If ny, > 0 is even, then

n,, + (Kb + 1)an+1a S [07 b+ (Kb + 1>Anb+1 - A”b)?
Rjop) (z) = Gny, + (Ky + 2)Gny11, T € b+ (K + DA 11— Apys Apyi1),
Gny+15 z € [An,11,b).
Remark 2. Note that the value R ;) () at the middle interval is the sum of two other values.
Remark 3. 0 < K, < k,, 1 for all n, > 0.

§ 2. Proof of Theorems 4 and 5

It is well known that continued fractions are closely related to the Gauss mapping and have
many remarkable ergodic properties. We first present three necessary lemmas from the ergodic
theory of continued fractions and then prove Theorems 4 and 5 (see [23]).

Lemma 2 (see [23]). There is a subset M of irrational numbers M C [0, 1) such that i, (M) = 1,
and for every p € M:

. log gn(p) m?
1m

noeo  m 12 log 2

Now we will prove several lemmas and then move to prove Theorem 4.

Lemma 3. Let p = [ay, G0, ..., Gm, ki, ko, ... ks, k1,ko,... ks,...] be a quadratic irrational
number. For every j = 1, s there is the following limit:

Qns+j

lim log
n—o0 Qns—l—j—l

P ro o f Using the relation ¢, 1 = kn119, + ¢n_1, We obtain:

= log p;.

Qns+j N kanerjfl + Qns+j—2 — I n 1 .
= = k; =
Ans+j—1 Qns+j—1 ns+j—1
Qns—f—j—Q
k; + ! k; + !
Y Uns+j—2 o ’ 1
/{Zj71 + /{Zj,1 +
Ans+j—3 o + 1
... Q9 —

ai

= [kjakj—la .. .,]{?1,]{?8,]{35_1, .. .,k’j,k?j_l, .. .,k’l, .. .,k?j,k’j_l, .. .,kl,am,am_l, c. ,al].

This implies the assertion of Lemma 3. U
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Let us formulate the next lemma.

Lemma 4. Let p = [a1,as,...,Qm, ki,ka, ... ks, ki,ko,... ks, ...] be a quadratic irrational
number. Then for every 1 < i < s there is a limit

lim —o st 4
im s 0g P, “4)

and its value does not depend on j.

P ro o f Using the Stolz—Cesaro theorem and Lemma 3, we obtain:

. log qnsyi . log Gnsti —10g qn—1)s+i
lim ———— = lim
n—oo NS+ 1 n—o0o S
1 ns—+i ns+i— n—1)s+i
= lim —(log fnst —i—logq i 14—...—|—logw)
n—oo S Qns+i—1 Qns+i—2 Q(n—l)s—l—i
_logpy +logps + ... +logps
N s
=log p.
Lemma 4 is proved. O

One has the following lemma.

Lemma 5. For almost all irrational numbers p € [0,1) and almost all points (w.r.t. Lebesgue
measure) (x,y) € [0,3) x [0,1) there is a limit

lim sup K, (7,;z,y) = log 2.

n—o0

P roof Itis well known that a linear irrational rotation of the circle 7}, is ergodic. Let z € [0, %)

Using the assertion of Theorem 6, we obtain

Ni(7n; 2, 4) = Ry (y) < @jny + (K + D)gjmy1, - 1<k < Fjyia,

log(qiim + (k + 1)gin log 2 + 1og ¢in
Ko 2,) = ~log No(ry 2,) < 2800+ EF Vdsoonr) 1082 + 108 Gyanes,
n n n

where j(n) can be determined uniquely from relation A,y < 27" < Ajy.
Assume that the irrational number p is of type 1. For sufficiently small € > 0 the following
estimate holds
L
where C. is a positive constant.
Using the inequality (3), we get

1 1+e C

€
Gjmy+e < — and ¢ /5. > —.
2™ Ay T Ay
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Hence,

- 10g(2q](n)+2) < lim 10g2 — lOgAj(n)+1
n—00 n T n—oo n

log2 — log C. + (1 + €) 10g ¢j(n)+1

< lim

T n—oo

log2 —log C.

n
— (1 4+¢)log Avin
< lim (1+e)logAgmy
n—o00 n
. log2—logC. — (1 +¢)log2™™
< lim

n—00 n

=(1+¢)log2. O

Next we prove the following useful lemma.

Lemma 6. For Lebesgue almost all y € [0,1) and an arbitrary point x € [0, 3), the following
limit holds:

lim inf K, (7,;z,y) = log2.

n—oo

Pro o f Consider the sequence of sets

1

G, = {(:c,y) T € {075), Ko (To;2,y) <10g2—€}-

Now we estimate y5(G2). It is clear that

15(GE) =112 ({(x,y) ve [0%) Rop (1) < exp {n(log2—5)}})

[en(logQ—s)]
— Z Z 1Qn(@) |1 ({y } Rg.w(y)=r})

Qn($)€Qn r=1

[en(logQ—s)]
< 3 Y 0@ 1Qu()

Qn($)€Qn r=1

-n —ne
(&

_ 2 : en(10g2_€)|Qn(l‘)|2 _ 2 6n(log2—5) —
2 2
Qn(m)EQn

Using the last equality, we obtain

—ne

2

e
pa(Gr) <

Since the series Y 1o(G¢) converges, using the Borel-Cantelli lemma, we get that
p2(limsup G5,) = 0.

The last relation together with the definition of G¢(x) implies that there exists an increasing
sequence {ny} such that klim K, (T, x,y) = log 2. O
—00
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Using Lemmas 5 and 6, we get that, for almost all irrational numbers p,

1
lim K, (7,;2,y) =log2 ps-a.e. (x,y) € {O, 5) x St

n— o0

We denote by A; the subset of [0, 1) x S where the last limit exists.

Next we prove the following useful lemma.

Lemma 7. For almost all irrational numbers p € [0,1) and almost all points x € (%, 1).‘

71.2

e sup Konlmi 809) = To10g2

Proof Letxz e A,i"), 0 <k < gny1. We have Ny (p;2,y) = R (y). Forz € A,i"), using
k
Theorem 6, we obtain

Nn(Tn; x, y) < Gn + n+1,

and

log(gn + ¢n+1) - log(2¢n+1)

1
Kn(ﬂ%xvy) = ElOgNn<Tn7$U,y> S n = n

Using the assertion of Lemma 2, we get that, for almost all irrational numbers p € (0, 1),

2

. logg, m
lim =

nsoee n 12log?2’

respectively, for almost all irrational numbers

log 2q,, 2
lim sup K, (7,;z,y) = lim 821 _ :
In the case x € Ag»nﬂ), 0 < j < gy, the last relation can be proved similarly. U

Lemma 8. For almost all y € [0,1) and an arbitrary point x € (%, 1), the following limit holds:

7.(.2

i inf Kon(7i2,9) = 57555

Proof Letxe (3,1). Put

Cx) = {(ﬂf,y)

e (L1) Ko (n: i
T 57 ) n(Tn7x7y> < 1210g2 —€

n7r2
- {(5573/) ’ R (y) < e_"”m} 7
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where A™(z) is an element of the partition D" containing z. Now let us estimate the probabilities
of the events C;:

we(C) = Y me({(@y) | Rawe(y) =1)

eanJr#Z; ‘A(n) (x) ‘

IN

<

By Lemma 2, for Ve > 0 3 Ny = Ny(e) such that, for all Vn > N,

nm? e logq, nm? €

—— - < < .
12log2 2 n 1210g2+2

Using the last inequalities, it can be easily shown that
- nm? 5
n > €Xp{n —— 0,
¢ PU"\1210g2 ~ 2

ne

pa(Cp) <e 2.

and

Obviously, the series Y p2(C¢) converges. Using the Borel-Cantelli lemma, we get that
p2(limsup C%) = 0,

which implies that there is a sequence {n} such that

2

. T
i Ko (T 2,9) = 137005 -
Let € (3,1). Using Lemmas 7 and 8, we get that, for almost all irrational numbers p and
almost all (z,y) € (1,1) x [0,1),
i Ko(rs ) = —
N (i 2, y) = 1210g 2’

We denote by A, the subset of (%, 1) x S' where the last limit exists. It is easy to check that
1
A2 € Sl X Sl and Mz(Az) = 5

Using Lemmas 5-8, we get that, for Lebesgue almost all irrational numbers 0 < p < 1,

log 2, (r,y) € Ay,
lim K, (7,;z,y) = T2

1210g2’ (:E,y) € 2
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Theorem 4 is proved. H
Now let us prove Theorem 5.
Let p = [a1, a9, .., Qm, ki,koy ... ks, k1, ko, ... ks, ...] be a quadratic irrational number. It

is clear that the type of a quadratic irrational number is 1. Using Lemmas 5 and 6, we get:

1
lim K, (7,;z,y) =log2 a.e. {O, 5) x St

n—o0
We need the following Lemma.

Lemma 9. Let T}, be a linear rotation of the circle and p be a quadratic irrational number. Then

1
lim K, (7,;x,y) =logp a.e (x,y) € (—,1) x St

n—oo 2

Proof Suppose x € (3,1). Then, there are n and [ such that z € A" 1In this case, we have
No(Tn3 ,y) = By (Y) < Gn + o1 < 24ni1-
The relation (4) implies that

log 2¢, log 2 + log ¢y,
lim K, (7,;z,y) < lim 08 it _ oy 08 + 08 4nt1

n—00 n—00 n n—00 n

= log p.

Put

;= { (w0

1
VIS <§71)7 Kn<7—n7x7y> < logﬁ}

Now we estimate uo(HS). It is clear that

attf) = ({ () [ € (31) Raolo) < e tnllogp - 1} } )

[entios 2]

— Z Z 1A ()| ({y } Ra,@)(y) =r})

An(z)eDy, r=1

[entios —2)]

< Y Y A@)I A

An(z)eDy =1

_ Z en(log p—e) |An(ZL‘) |2

An(z)eDr

max |A,, (z)|e"°e =)

n(log p—<)

1A

[ =

<

DN

g,
By (4), for Ve > 0 there exists Ny = Ny(¢) such that, for all n > Nj,

en(logﬁf%) < Qa1 < en(logﬁJr%)'
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Using the last equality, we obtain:

—ne

pa(Hy) < ez

Since the series Y uo( HE)) converges, using the Borel-Cantelli lemma, we get that
pe(limsup Gy,) = 0.

Hence, it follows that

1
lim K, (7,;x,y) =logp a.e. (z,y) € (5,1) x St O
n—oo
Using the statements of Lemmas 7-9, we obtain:

10g27 (l’,y) € A17
lOgﬁ, (:E,y) € AQ'

n—oo

lim K, (7,;x,y) = {
Theorem 5 is completely proved. U
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MATEMATUKA 2023. T. 33. Bemn. 2. C. 197-211.

A. A. /Incanunos, M. K. Xomuoos
DYHKINA TONATAHUS IS CMENIAHHBIX Pa30MeHull OKPYKHOCTH

Kniouesvle cnosa: nppalMoHaNIbHOE BpallleHNe, BpeMs MONaIaHusl, AMHAMUYECKOe pa3OreHune, npeieibHast
Teopema.

VIK 517.938
DOI: 10.35634/vm230201

ITycts T, — vppanyoHaabHEIA MOBOPOT HA €IMHMYHON OKPYKHOCTH S 1 '~ [0,1). PaccMorpum mocre-
JI0BaTENBHOCT {7y} BO3pacTalOmMX pa3OueHHni Ha S1. Onpenenum Bpems nonananus Ny, (Pp;x,y) =
inf{j > 1| T(y) € Pu(x)}, tne P,(x) — snement pasbuenns P,, conepxamuii Touxy x. JI. Kum
u B. Ceo [9] nokasamu, uro Bpems momaganus K, (Q,;x,y) := M MOYTH BCIOMy (IO Mepe
JleGera) cxomutcest K log 2, rie mocienoBarenbHOCTh pasouenuii {Q,, } MOpoXK/IeHa Xa0THIECKUM 0TOOpa-
xerueM fo(z) := 2z mod 1. XopoIo U3BECTHO, 9TO OTOOPaXKEHHUE fo UMEET IIOJOKHUTEIBHYIO SHTPOITHIO
log 2. BO3HHKaeT eCTECTBEHHBIN BOIPOC O TOM, YTO €CIIH IOCIIEI0BATENbHOCTh pa3oueHuii { P, } mopox-
JIeHa OTOOpaXKeHHEM C HYINIeBO# dHTpomuei. B Hacrosmieit pabore Mbl m3ydaem noBeneHue K, (7,; 2, y)
C MOCIIE0BATENBHOCTHIO CMELIAHHBIX Pa3OHeHui T, Takux, uTo Q, MN[0, %] MOPOXKJICHA OTOOpaKEHUEM fo,
aD,N [%, 1] moposx/eHa uppanuoHaILHEIM 10BopoToM T),. Jlokasauo, 4to K, (7,; x,y) moutu Berony (110
Mmepe Jlebera) cxogurTcsi K KyCOUHO-TIOCTOSIHHOM (PYHKUIMHU € IBYMSI 3Haue€HHAMH. Takxke MOKa3aHO, YTO
CYIIECTBYIOT HEKOTOPBIE HPPAIOHAIBHBIE TIOBOPOTHI, IEMOHCTPUPYIOIINE PA3INIHOE TTOBEACHNUE.
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