VESTNIK UDMURTSKOGO UNIVERSITETA. MATEMATIKA. MEKHANIKA. KOMP UTERNYE NAUKI
MATHEMATICS 2022. Vol. 32. Issue 3. Pp. 463-485.

MSC2020: 05C78, 05C15

(© R. Shankar, M. Ch. Nalliah

LOCAL ANTIMAGIC CHROMATIC NUMBER FOR THE CORONA PRODUCT OF
WHEEL AND NULL GRAPHS

Let G = (V,E) be a graph of order p and size ¢ having no isolated vertices. A bijection f: F —
—{1,2,3,...,q} is called a local antimagic labeling if for all uv € E, we have w(u) # w(v), the weight
w(u) = 3 cep f(€), where E(u) is the set of edges incident to u. A graph G is local antimagic, if G has
a local antimagic labeling. The local antimagic chromatic number y;,(G) is defined to be the minimum
number of colors taken over all colorings of GG induced by local antimagic labelings of G. In this paper,
we completely determine the local antimagic chromatic number for the corona product of wheel and null
graphs.
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Introduction

We only consider finite, undirected graph G = (V, E') without loops nor multiple edges. The
order and size of G are denoted by |V| = p and |E| = g, respectively. For graph-theoretic
terminology, we refer to Chartrand and Lesniak [4].

For a graph G, let f: E — {1,2,...,q} be abijection. For each vertex u € V(G), the weight
w(u) = > cpw f(e), where E(u) is the set of edges incident to u. If w(u) # w(v) for any
two distinct vertices v and v € V(G), then f is called an antimagic labeling of G. A graph G
is called antimagic if G' has an antimagic labeling. This concept was introduced by Hartsfield
and Ringel’s [7]. They conjectured that every connected graph with at least three vertices admits
an antimagic labeling [7]. They also made a weak conjecture that every tree with at least three
vertices admits an antimagic labeling. These two conjectures were partially shown to be true by
several authors, but they are still unsolved. For the best and most interesting results that were
obtained so far, one can see [5,12]. For a detailed and interesting review of these conjectures,
one can see [6, Chapter 6].

Arumugam, Premalatha, Bacd, and Andrea Semanicova-Fecnov¢ikova in [1], and indepen-
dently, Bensmail, Senhaji, and Lyngsie in [3], posed a new definition as a relaxation of the notion
of antimagic labeling. They called a bijection f: E — {1,2,...,q} a local antimagic labeling
of G if for any two adjacent vertices v and v in V(G), we have w(u) # w(v). They conjec-
tured that every connected graph with at least three vertices admits a local antimagic labeling.
This conjecture was solved partially in [3]. Finally, Haslegrave proved this conjecture through
probabilistic tools [8].

Since every local antimagic labeling f of a graph GG corresponds to a proper vertex coloring
of G, the local antimagic chromatic number of G, denoted x;,(G), is defined to be the minimum
number of colors taken over all colorings of GG induced by any local antimagic labelings of G [1].

Let G; and G4 be two vertex disjoint graphs. The join graph of (G; and (G, denoted by
G1V Gy, is the graph whose vertex set is V (G1) UV (G2) and its edge set equals E(G1)UE(Gy)U
U{ab: a € V(G;) and b € V(Gs)}. Arumugam et al. [1], Shaebani [14] and Lau et al. [9], studied
independently, the local antimagic chromatic number of GV O,,, for m > 2. Arumugam et al. [1]
and Lau et al. [9] also proved that for a wheel graph W,, of n + 1 vertices, x;.(W,) = 3 if n is
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even, and 4 if n is odd. Lau et al. [10] also obtained the local antimagic chromatic number of a
fan graph, F;,, and W,, — e, a wheel graph with a spoke deleted.

The corona product of G and H, denoted GG o H, is obtained from G and |V (G)| copies of H
by joining the i-th vertex of G to every vertex of the i-th copy of H, i =1,2,3,...,|V(G)|, see
in [2]. In Arumugam et al. [2], the authors obtained the local antimagic chromatic number for the
corona product graph G o O,,, where G = P,,, C), and K,,.

Motivated by this, in this paper, we study the local antimagic chromatic number for the corona
product of W,, o O,,.

§1. x1a(W,, 00,,), n is even
Let ¢ be the central vertex and v;, 1 < ¢ < n be the vertices on the cycle of IW,,. Let uf be the

k-th vertex of the i-th copy of O,, adjacent to v;, 1 < i < n, and let u* be the k-th vertex of the
(nq)-st copy of O,, adjacent to ¢, 1 < k < m.

Lemma 1. For n > 4 is even and m > 1 we have x;,(W,, 0 Oy,) > m(n+1) + 3.

Proof LetG=W,00,, For1 <i<n,1<k<m,letV(W,00,,) = {c,v;,uF,u*} and
E(W,00,,) = {cv;, v;u¥, cu®, vv;1} where v, 11 = vy. Clearly, |V(W,,00,,)| = (n+1)(m+1)
and |[E(W,, 00,,)| =2n+m(n+1) =q.

Let f be a local antimagic labeling of G. We first observe that w(u¥) = f(v;ul), w(uk) =
= f(cu*) are mutually distinct and at most q. Thus, f must induce m(n + 1) distinct colors,
namely wy, W, . .., Win(nt1)-

(m+n)(m+n+1)
2

The minimum possible weight of the central vertex c is w(c) > > q
and hence the central vertex c receives a new color Wy, (n41)+1-

Without loss of generality, we consider the following three cases.

Case 1. f(viv7) = ¢. In this case, w(vy), w(vy) > ¢ and w(uf) < ¢ for 1 < i < n,
1 <k < m. Since w(vy) # w(va) # w(c), vi and vy receive new colors, say Wy (41)+2 and
Wpn(nt1)+3. Therefore, x;,(G) > m(n + 1) + 3.

Case 2. f(viui) = ¢. Now, w(v;) > ¢ # w(c) so that v; receives a new color, say
Wp(n+1)+2- Therefore, x;,(G) > m(n + 1) + 2. Suppose equality holds. We must have
w(vy), w(v,) < q. Moreover, w(v;) (2 < ¢ < n) equals to a non-adjacent pendant vertex la-
bel, or else, w(v;) = w(v;) for 3 < i < n — 1 such that for 3 < i < n — 2, not both w(v;) and
w(vi41) > g, otherwise, f induces m(n+ 1)+ 3 distinct colors. Let r be the number of vertices in
{v;: 1 <i < n} with color w(v;). Observe that there are n — r > n/2 > 2 vertices with color at
most g. Note that all these n —r vertices are incident to (m+2)n—r(m+1) = (m+1)(n—r)+n

edges. Therefore, their labels sum under f is at most (n — r)q. However, the sum is at least

S=1424...+[(m+1)(n—r)+n] :%[(er1)(n—'r’)+n][(m+1)(n—r)+n+1]. Now,

25 —2(n—r)q

— [+ 1) — ) + 0 + [(m+ D) — ) + 1] — 20 — 1)l + 1) + 20
=m+1)?*m—rP+n*+m+1)n—-r)2n+1)+n—2(n—r7r)(mn+m+2n)
=m+12*n—r2+n*—n—-r)(m+2n—1)>0,

contradicting S < (n — r)q. Thus, x.(G) > m(n+ 1) + 3.
Case 3. f(cvy) = q. Now, w(vy) > q # w(c) so that v, receives a new color, say Wy,(n+1)+2-
Therefore, x;,(G) > m(n + 1) + 2. Suppose equality holds. We must have w(vs), w(v,) < q.
By an argument similar to that in Case 2, we also reach the same contradiction. Thus,
X1a(G) > m(n + 1) + 3. The proof is complete. O
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Throughout this paper, each algebraic formula F' will be associated with its so-called c-set.
This is the set of all values that F' can take.

Theorem 1. For n > 4 is even and m > 1, xa(W,, 0 O,,) = m(n + 1) + 3.

Proof Let G =W,00,, with V(G) and E(G) as defined in Lemma 1. We shall show that
Xia(Wy 0 Op,) < m(n+ 1) + 3. Define a bijection f: E(G) — {1,2,3,...,g=2n+m(n+ 1)}
as follows.

Case (1): m = 1.

Subcase (i): n = 4. Define f(cv1) = 3; f(cva) = 2; f(cvs) = 4; f(cvy) = 1; f(v1v9) = 6;
flvavs) = 8 f(vzva) = 75 f(vavr) = 95 f(vrug) = 13; f(vaug) = 115 f(vsug) = 125 f(vauy) =
= 10; f(cu') = 5. The vertex weights are w(c) = 15; w(v;) = w(vs) = 31; w(vy) = w(vy) = 27;
w(u)) = f(vu)),1=1,2,3,4 and w(u') = 5.

Hence, x;, (W0 O;) < 8.

Subcase (ii): n > 6. Define

rn+2’ i1
i+ 3
flev)={ = ;'+ . i>1lisodd
n—1+2 .
., iiseven,
(7
(2n+ 1+ 3

1 <i < nisodd,

1 <1 <niseven,

\ 2 ’
f(vv1) =2n+1
(6n — 1+ 3 )
. n 22 i , 1 1s odd,
flows) =5 T4y
, i 1is even,
\ 2
fleu') =n+1.

The vertex weights are

(n+1)(n+2)

w(c) =

2 Y
wuj) =2n+1+i, 1<i<n,
w(u') =n+1,
13n+10 .
L, 1 1s odd,
wv) =93 1% 10
—, 118 even.

2

Hence, x;, (W, 0 O1) < n+4.
Case (2): m = 2.
Subcase (i): n = 4. Define

flevy)) =5—1i, 1<i<n,
flowip) =7+14, 1<i<n-—1,
f(vnvl) = 77
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e
W2ﬁ k=1 i=1,3

337
) 22 k=2 i=1,3,

foiug) = 20 + 4
;ﬂ k=1 i=24,

2475 i
;ﬂ k=92 i=24

\

flew") =44k 1<k<2

The vertex weights are

Hence, x;, (W40 Os) < 13.
Subcase (ii): n > 6.

(Tn —1+5
ligi—,k:L i is odd:
7 7
&%t{§+2;§+lrnﬁn+4ﬁn+3}
8n—1+5
7l;+ k=2 iisodd:
7 7
c-set {4n+2,4n+1,...,7n+4,7n+3},
5) 4 —
. Jﬁé—l,k:L iiseven, 1<i<n—2
flug) = 5n 5n
c-set 7+1,7, L2n+4.2n+ 3 5,
6 4 —
nz ' k=2 iseven, 1<i<n-—2
5 5)
c-set {3n+1 3n, . 7n+4,7n+3},
5n + 4 .
5 =1, i=n,
6n + 4 o i
L 2 ) - D Z_nu
flev)=n—i+1, 1<i<n; cset{nn—1,...,2 1},
fowiz) =n+34+14, 1<i<n-—1,; c-set{n+4,n+5,...,2n+1,2n+2},
f(vpvy) = n+ 3,

flew ) =n+k, 1<k<2; cset{n+1,n+2}

w(c) = (n+2)2(n+3)7
wuf) = floul), 1<i<n, 1<k<2,
w(u®) = f(eu®),

ﬂn;Q% iisodd, 1<i<n—1,

— tiseven, 2 <1 <n.
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Hence, xo(W,, 0 O2) < 2n + 5.
Case (3): m > 3.
Subcase (i): m is odd, m > 3. Define

(1

5"‘17 ’lzl,
2n—1+3 .

flevy) = %, 1> 1isodd; c-set {n,n—l,n—Q,...,g+2},
n—i+2 )
|~ 1 1s even;  c-set {g,g—l,g—Q,...,Q,l},
(2n+1i+ 3

1 <i<n-—1isodd;

3
c-set {n—ir2,n+3,n—|—4,...,?n,37”-|—1}7

f(vivipr) = 3 |+ 2
omAr 2 2<1<n-—2iseven,

2 )
3 3 3
omt{ﬁ+afﬁ+3fﬁ+4,ngn—L%%,
\ 2 2 2
foav1) =2n 41,
(6n —1+ 3
n Z+, 1isodd, k=1,
’ 5) 5)
Cﬂﬂ{&%FMMﬁn—lwnf§+3f§+2}
5} 4—1 .
n+2 Z, 1iseven, k=1,
on on on
set ¢« —+1,—, — —1,...,2 3,2 2
Cse {2+ 7272 ) 7n+7n+ }7
k+4 + 3 ) .
n( +;+Z+, iisodd kiseven, 1<i<n—1, 2<k<m—1:
f(v¢Uf) = c-set is given in Table 1,
n(k+5)—i+3

, t7isodd, kisodd, 1<i<n-—-1, 3<k<m;

c-set is given in Table 2,
nm+k+3)+i+2
2 Y

tiseven, kiseven, 2<:i:<n, 2<k<m-—1;

c-set is given in Table 3,

nm+k+4)—i+4
2 Y

tiseven, kisodd, 2<:<n, 3<k<m;

L c-set is given in Table 4,

(n+1, k=1,
fledF)y =8 nm+2)+k 2<k<m;
c-set {n(m+2)+2,n(m+2)+3,...,n(m -+ 2) +m}.

\
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Table 1: niseven,7isodd, 1 <i<n,misodd, kiseven, 2 < k<m-—1
vyulf v3ul Vp_zul 4 Un—1U, k
™m ™
3 2 3 3 — —+1 2
n+ n + 5 5
9 9
dn +2 An+3 = L 4
2 2
4 4
n(m—|—3)+2 n(m—i—3)+3 n(m + 4) n(m + )+1 1
2 2 2 2
Table 2: niseven,iisodd, 1 <i<n,misodd, kisodd,3 <k <m
vyuf v3ub Vp_zul_, Vp_quk k
7 7
dn+1 in AL AL 3
2 2
9 9
bn + 1 5n i3 Zio 5
2 2
) 5) 4 4
n(m + )—i-l n(m +5) n(m + )+3 n(m + )—|—2 m
2 2 2 2
Table 3: niseven, tiseven, 1 <i<n,misodd, kiseven, 2 <k <m—1
vgué v4u§ vn,guZ72 vnufl k
n(m—|—5)+2 n(m—i—5)+3 n(m + 6) n(m—|—6)+1 5
2 2 2 2
7 7 8 8
n(m + )+2 n(m + )+3 n(m + 8) n(m + )—i—l 4
2 2 2 2
n n
n(m+1)+2 n(m+1)+3 n(m+1)+§ n(m+1)+§—|—l m—1
Table 4: niseven, iiseven, 1 <i<n,misodd, kisodd, 3 <k <m
voub vgul Vp_oul vpuk k
7 7 6 6
n(m + )+1 n(m+7) n(m + )+3 n(m + )+2 3
2 2 2 2
9 9 8 8
nm+9) n(m +9) nm+s) .| ames |,
2 2 2 2
n n
n(m+2)+1 n(m + 2) n(m+2)—§+3 n(m—|—2)—§+2 m
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Then the vertex weights are

2m? + 2 —1 1
w(c):n( m”+2m+n=1)+mim+ ), m > 3 is odd,

2
fviuf),
w(u®) = f(cu®),

=4
S

Tz
[

( 1 2 14
mn(m + 0>+i(5"+ m) + 14 m>3isodd, iisodd, 1<i<n-—I,
2 2 1
w(v;) = 3mn(m + )+4(3m+7+ 3n)7 m > 3isodd, iiseven, 2<i<n,
2 1) — — 2(4
mn(m + 1) m(;n 5) + (n—|—3)’ m>3is odd, i = n.
\

Thus, the labeling f admits local antimagic labeling of W), o O,, with m(n + 1) + 3 colors.
Subcase (ii): When m is even, m > 4

flevy))=n—i+1, 1<i<n; cset{nn—1...,21},

fowig) =n+3+i, 1<i<n-—1; cset{n+4,n+5,...,2n+1,2n+ 2},
fov1) =n+3,

(n+ k, 1<k<2 c-set{n+1,n+2},
flcu®) = nm+2)+k 3<k<m;
\ c-set {n(m +2)+3,n(m+2)+4,...,n(m+2)+m},
™m—1+5
'%, k=1, iisodd:
7 7
c-set {7”+2,7"+1,...,3n+4,3n+3},
8n—1i+5
n 2” , k=2 iisodd:
7 7
c-set {4n+2,4n+1,...,?n+4,7n+3},
5 4—1 .
n+2 Z, k=1, 1iiseven;
5 5
c-set {?n+1,7n,...,2n+4,2n+3},
6 4—1 .
. %, k=2, iiseven;
flows) = on on
c-set 3n+1,3n,...,7+4,?+3 ,
5
7”+2, k=1, i=n,
3n + 2, k=2 i=n,
E+5) +1+5 ) . . )
nik + ;+Z+ , ti1s odd, k > 3is odd; c-setis given in Table 5,
k+6)— 5
n(k+6) —i+ , tis odd, k > 2iseven; c-setis given in Table 6,
2
k+3 4 . . . )
n(m + +2)+Z+ , ©>2iseven, k> 3isodd; c-setis given in Table 7,
k+4)—i+6 ) . . .
\n(m+ J; ) —i+ , ©>2iseven, k> 4iseven; c-setis given in Table 8.
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Table 5: niseven,iisodd, 1 <7< n,m >4iseven, kisodd, 3 <k <m-—1
vyulf v3ul Vp_zul 4 Vp_quf k
n n
in+3 in 44 4n—|—§—|—1 4n+§+2 3
n n
on + 3 on +4 5n+§+1 5n+§+2 5
4 4
n(m + )+3 n(m + )+4 n(m—i—5)+1 n(m—|—5)+2 1
2 2 2 2
Table 6: niseven,iisodd, 1 <i<n,m >4iseven, kiseven, 4 < k <m
vyuf vaub Vp_zuk_4 Vp_quk k
n n
on + 2 on +1 4n+§+4 4n+§+3 4
n n
6n + 2 6n +1 5n—|—§—|—4 5n+§+3 6
6 6 ) )
n(m+)+2 n(m—i—)_i_1 n(m+)+4 n(m+)+3 1
2 2 2 2
Table 7: niseven,ziseven, 1 <7 <mn,m>4iseven, kisodd, 3 <k <m-—1
vgué v4u§ vn,guZ72 vnufl k
n(m+6)+3 n(m+6)+4 n(m+7)+1 n(m+7)+2 3
2 2 2 2
8 8 9 9
n(m + )+3 n(m + )+4 n(m + )_}_1 n(m + )—|—2 .
2 2 2 2
n(m+1)+3 n(m+1)+4 n(m+1)+1+g n(m+1)+2+g m—1
Table 8: niseven,7iseven, 1 <7< n,m>4iseven, kiseven, 4 <k <m
voub vgul Vp_ouk vpuk k
8 8 7 7
nm+8) nm+8) m+7) Ly nm+T) g 4
2 2 2 2
10 10 9 9
nm+10) | nm10) nm+9) | nm9) |
2 2 2 2
n n
n(m+2) +2 n(m+2)+1 n(m+1)+4+§ n(m—|—1)+3—|—§ m
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Thus, the vertex weights are

n(n —3) +m2mn +m+1)

w(c) = 5 , m >4iseven,
12 2(7 5 12
mn(m + )+4(n+ mt ), m>4iseven, disodd, 1<i:<n-—1,
w(v;) =
3 4)4+2(Tn+5 10
ma(3m + )+4(n+ mt ), m > 41iseven, iiseven, 2<1i<n,

w(up) = f(viug),
w(u®) = f(cu®).

Thus, the labeling f admits local antimagic labeling of W), o O,,, with m(n + 1) + 3 colors, if
n is even. Hence, y;o(W,, 0 O,,) = m(n + 1) + 3. O

Example 1. Figures 1 and 2 gives the labelings of Wg o O3 and Wg o Oy as in the proof above.

2427 32 20 35 40 23 26 27 32

38 37 18 30 37 34 18 15

Figure 1: x;, (W5 0 O3) = 30 Figure 2: x;,(Wg 0 Oy) = 31

§2. x1a(W,, 00,,), nis odd

Lau et al. [11] investigated the local antimagic chromatic number for a graph K (m;nq, no, ...
...,Ny,) which is obtained from a complete graph K, of order m by attaching n; pendants
to the i-th vertex of K,,. Clearly, K(4;m,m,m,m) = W3 o O,, and they proved that
Xio(K (4;m, m,m,m)) = 4m + 4 if and only if m > 2.

Theorem 2. x,, (W50 O,,) = 4m + 4 if and only if m > 2. Otherwise, x;,(W3500O1) =T7.

P ro o f. By Theorem 3.1 in [11], we only need to consider G = W3 o O;. Since W3 = K|,
we must have w(c) # w(v1) # w(vy) # w(vs) for any local antimagic labeling f of G. Now,
w(e), w(v;) > 10, and w(u}) < 10, w(u') < 10. Thus, at most one vertex v € {c, vy, va, v3}

has w(v) = 10. Therefore, x;,(W3 0 O;) = 7. Define f(viu}) = 1, f(voul) =9, f(vsul) = 8,

fleu') =10, f(viva) = 2, f(vgvs) = 7, f(vsvr) = 3, f(cvr) = 4, f(cva) = 5, f(cvs) = 6,
a required local antimagic labeling is obtained. 0
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Lemma 2. For n > 5 is odd and m > 1 we have

m(n+1)+3, ifm<2n-—3,

a Wn Om Z
Xio(Wn © On) {m(n +1)+4, otherwise.

Proof Let G =W, 0O, with V(G) and E(G) as defined in Lemma 1. Let f be a local
antimagic labeling of G. We first observe that w(u?) = f(vau¥), w(v;) = f(cv;) are mutually
distinct and at most ¢. Thus, f must induce m(n+ 1) distinct colors, namely wy, ws, . . . , Wi (n1)-
(m+n)(m+n+1) -

The minimum possible weight of the central vertex ¢ is w(c) > )

Hence, the central vertex c receives a new color wy,(n41)+1-

Without loss of generality, we consider the following three cases.

Case 1. f(vjv9) = ¢. In this case, w(vy) # w(vy) # w(c) > ¢q. Hence, vy, vy receive new
c0lors Wy (41)+2 AN Wy (i1)43. Thus, Xia(G) > m(n + 1) + 3.

Case 2. f(viui) = ¢. Now, w(v;) > ¢ # w(c) so that v; receives a new color, say
Wmn+1)+2- Therefore, x;,(G) > m(n + 1) + 2. Suppose equality holds. We must have
w(vy), w(v,) < q. Moreover, w(v;) (2 < ¢ < n) equals to a non-adjacent pendant vertex la-
bel, or else, w(v;) = w(vy) for 3 < i < n — 1 such that for 3 < ¢ < n — 2, not both w(v;)
and w(v;y1) > ¢, otherwise, f induces m(n + 1) + 3 distinct colors. Let r be the number of
vertices in {v;: 1 < i < n} with color w(v;). Observe that there are n — r > n/2 > 2 vertices
with color at most ¢. Note that all these vertices are incident to at least (m + 1)(n —r) +n
edges. Therefore, their labels sum under f is at most (n — r)q. However, the sum is at least

1424...+[(m+1)(n—r)+n] :%[(er1)(n—r)+n][(m+1)(n—7“)+n+1] = 5. Now,

2s —2(n—r1)q

= [(m+ D)+ + [+ (=) + 0] — 20— r)(m(n+ 1) + 20)

= m+1D*n—r+n*+m+Dn—-r)2n+1)+n—2(n—r)(mn+m+2n)
(m+1)*n—r)2+n*—m—r)(m+2n—1) >0,

contradicting s < (n — r)q. Thus, x;,(G) > m(n+ 1) + 3.

Case 3. f(cvy) = q. Now, w(vy) > q # w(c) so that v, receives a new color, say Wy,(n+1)+2-
Therefore, x;,(G) > m(n + 1) + 2. Suppose equality holds. We must have w(vy), w(v,) < q.
By an argument similar to that in Case 2, we also reach the same contradiction. Thus, y;,(G) >
>m(n+1)+3.

Assume x;,(G) = m(n + 1) + 3. Suppose there is a vertex v € {v;: 1 < ¢ < n} with
w(v) < g=m(n+1)+2n. Clearly, w(v) > 1+2+...4+ (m+3) = (m+3)(m+4)/2. Thus,
(m+3)(m+4)<2m(n+1)+4nsothat 2n(m +2) > m? +5m + 12 = (m+2)(m + 3) + 6
which implies that 2n > (m + 3) + 6/(m + 2) > m + 3. Therefore, m < 2n — 3. Consequently,
Xia(G) > m(n+1)+4if m > 2n — 3. O

Theorem 3. For n > 5 is odd, x;a(W, 0 O,,) =m(n+1)+3ifm <2n—4.

Proof Let G =W, 0O, with V(G) and E(G) as defined in Lemma 1. By Lemma 2, we
only need to give a local antimagic labeling of G that induces m(n + 1) + 3 distinct colors for
m < 2n — 4.

Case(1): n > 5 is odd and m = 1.

Subcase(i): n =5,7,9and m = 1:

1, i=1,
f(evi) = . .
n+14id, 2<i<n; cset{n+3,n+4,...,2n2n+ 1},
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1 n+2, 1 =1,
flvug) = , .
3n+2—i, 2<i<n; c-set{3n,3n—1,...,2n+ 3,2n + 2},

+ 3
Z;, iisodd, 1<i<n-—2,
f(owin) = ' 7 5
n+2—%, tiseven, 2<i<n-—1; c-set {n+1,n,...,n; ’n; },
n+3
f(opvy) = 5
Thus, the vertex weights are
n+13 .
; o =h (3n+7)
n(3n .
w(vi) = 5n+6,  1iseven, w(c):f, wlu;) = fviy;), 1<i<n.
5n + 7, 7 1s odd,
Subcase(ii): » > 11 is odd and m = 1:
1, 1=1,
flevi) = . .
3In+2—i, 2<i<n; c-set{3n,3n—1,...,2n+ 3,2n + 2},
floui)=n-+i+1, 1<i<n; cset{n+2,n+3,...,2n,2n+1},
+ 3 ) , -1 1
Z+, risodd, 1<i<n-—2; c-set 2,3,...,” ’n+ ,
Flvivs) = 2 2 2
Vi1 i . n+7 n+5
n+2——=, tiseven, 2<i:<n-—1; c-set <n+1,n,..., ) )
2 2 2
n-+3
Thus, the vertex weights are
3n+13 .
> 0 =h (51 +3) + 2
n(bn .
w(v;) = 5n+6, 1 1is even, w(c):f, w(u) = flou), 1<i<n

bn + 7, 1 1s odd,

Case(1): m > 3 is odd.
Now, we define the function f: E(G) — {1,2,3,...,|E(G)| =2n+m(n+ 1)} by

(

1, i=1,
flevi)=qm+n+i, 2<i<n
cset{m+n+2,m+n+3,...,m+2n—1,m+ 2n},

\
;

1
m+1+ﬁgﬂ iisodd, 1<i<n—2:

;m+

n—1 n+1
cset <m+2m+3,....,m+ ,
2 2
f(UiUiJrl):

m+n+2—%, tiseven, 1<:1<n-—3;

5 Mt

{ n+7 n+5}
cset <m+n+1,m+n,....,m+ ,
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n+3
5
(k+ 1, i=1, 1<k<m;
c-set {2,3,...,m,m+ 1},
2<i<mn, kisodd;
c-set is given in Table 9,
m+2n+(n—1)(k—1)+i—1, 2<i<mn, kiseven,
L c-set is given in Table 10,
f(cuk):mn+2n+k, 1<k<m

c-set {mn+2n+1,mn+2n+2,...,mn+ 2n + m}.

fopv1) =m+

Flonl) = m+2n+ (n— 1)k — (i —2),

Table 9: nisodd,2 <i<n,m>3isodd, kisodd, 1 <k <m

v2u’§ vgu’:}f .. vn_luﬁfl vnu’fl
m+3n—1 m—+ 3n — 2 m—+2n+ 2 m+2n+1 1
m-+5n—3 m-+5—5 m +4n m+4n — 1 3
mn + 2n mn+2n —1 mn+n+3 mn+n-+2 m
Table 10: nisodd, 2 <i<n,m >3isodd, kiseven, 1 <k <m—1
vgug vgulg vn,luﬁ71 vnufl
m+ 3n m+3n+1 m-+4n — 3 m+4n — 2
m—+ 5n — 2 m-+5n—1 m-+5n—4 m-+5n—3
mn + 3 mn + 4 mn-+n mn+n+1 m—1
Then, the vertex weights are
n3n —1)+m(6n — 1) +m?*(2n + 1
(o) = M=) (e = 1) ¢ 2 1)
m(m+7)+n+9 1
1T =
2 b )
N— 4 2m2(n+1 2m(4dn + 7 2(5n + 8 .
w(v;) (n+1)+ (4 +7) +20n + ), 1 1S even,

2m%(n+1) +2m(4n +7) + 10(n + 2), i is odd,
w(uf) = floab), 1<i<n, 1<k<m,

w(u®) = f(eu®), 1<k<m,

Hence, x;, (W, 0 Op,) <m(n+ 1)+ 3.
Case(2): m is even.
Now, we define the function f: E(G) — {1,2,3,...,|E(G)| =2n+ m(n+ 1)} by
1, i=1,
flevi)=<m+2n+2—i, 2<i<n;
cset {m+2n,m+2n—1,.... m+n+3,m+n-+ 2},
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(2 4+ 3
%, iisodd, 1<i<n-—2:
n—1 n+1
c-set m—|—2,m+3,...,m+T,m+ 5 ,
foivign) = 9 9 13
m—i—n2+z—|— , iliseven, 2<i:<n-—1;
n+95 n+7
c-set m—l—?,m—l— 2 so...om4+nm+n+1,,
\
2m+n+3 n+3
flopv)) = ———; c-set sm+ ,
2 2
(ke + 1, i=1, 1<k<m; cset{23,....,mm+1}
4 2 ]
w, tiseven, 2<i<n-—1, k=1, c-setSy,
6 2m — 1 . ,
%, tiseven, 2<i<n-—1, k=2; c-setSs,
6 2 | — 3 . .
. ntemt , 1isodd, 3<:<n, k=1; c-setS;s,
fuiug) = 3 22 1
nt 77;—@—’ tisodd, 3<i<n, k=2; c-setSy,
n+m+k(n—1)+1, 2<i<n, kisodd, 3<k<m—1;
c-set is given in Table 11,
2n+m+kn—1)—i+2, 2<i<n, kiseven, 4 <k < m;
c-set is given in Table 12,

\

fled® )y =n(m+2)+k, 1<k<m;

c-set {mn+2n+1,mn+2n+2,...,mn+2n+ m},

where
n—3 n—1
S = m+2n+1,m+2n+2...,m+2n+T,m+2n+ 5 ,
n— n—1
52:{m+3n—1,m+3n—2,...,m+3n—T,m+3n— 5 },
n—2>5 n—3

Sy = m+3n,m+3n+1,...,m+3n+T,m+3n+ 5 ,
-1 1
54:{m+4n—2,m+4n—3,...m+4n—nT,m+4n—n—2i_ }
Table 11: nisodd, 2 <i<n,m >3iseven, kisodd, 1 <k <m-1

vgug v3u]§ vn,luﬁfl vnuﬁ
m+4n — 1 m+ 4n m+b5n+4 m+5n—3
m—+6n — 3 m+ 6n — 2 m+Tn—6 m+Tn—>5

mn+ 3 mn + 4 mn—+n—1 mn—+n+1 m—1
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Table 12: nisodd, 2 <i<n,m > 3iseven, kiseven, 4 < k <m

k

k

vn_luk

UQUQ U3U3 n—1 Unun
m + 6n —4 m-+6n—>5 m-+5n—1 m + 5n — 2
m+8n — 6 m+8n—17 m+Tn—3 m—+Tn —4
mn + 2n mn+2n —1 mn+n+1 mn+n+2

Thus, the vertex weights are

- m*(2n+1)+m(6n—1) +n(3n —1)

w(c) = 5 ;
(m(m+7)+n+9 i1
2 ’ 7
2 1 4 7+ 3 11 )
w(v;) = m(n + )—i—m(2n+ ) +3n+ , 1iseven, 2<:1<n-—1,
2 1 4 +7 1
m{n + )+m<2"+ )F7+ D sodd, 3<i<n,
\

wut) = fluud), 1<i<n, 1<k<m,

3 K3

wu®) = f(eu®), 1<k<m.

Therefore, the labeling function f admits a local antimagic labeling of W,,0O,, with m(n+1)+3
distinct induced colors. U

Example 2. Figures 3 and 4 show the labelings as given in the proof above.

Figure 3: x;,(W5007) =9

Figure 4: x;,(W50 Os) = 15

Theorem 4. For n > 5 is odd, then x;,(W, 0 O,,) = m(n+ 1)+ 4 if m > 2n — 3.

Proof Let G=W,00,, and let V(G) = {cUv; UuF Uu*, 1 <i<n, 1 <k<m}and
E(G) = {cv;Uvvi v,y UvaufUcuk, 1 <i <n, 1 <k <m}. Then |[V(G)| = (n+1)(m+1)
and |E(G)| =2n+ m(n+1).

Suppose Xia(W,, 00,,) = m(n+1)+4. From Lemma 2, we get m > 2n — 3. So, for proving
Xia(Wy 0 Op,) = m(n+ 1) + 4, if m > (2n — 3) it suffices to provide a local antimagic labeling
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23

.,

13

5

7
3
(o)
/9

Figure 5: x;,(W11004) = 15

of W, o O,, that induces a local antimagic vertex coloring using exactly m(n + 1) + 4 colors.
Now, we define the function f: E(G) — {1,2,3,...,|E(G)| =2n+m(n+ 1)} by

Case (1): m is odd, m > 2n —

(5n — 1+ 2
2 b
on—1+4
2 b
m—+3
2 )
nk+4)—k+i+5
2

n(k+5) —k—i+4
2

)

, 7 1s odd,

6n+(n—1)(m+k—

3.
tisodd, k=1, 1<i<n-—2; c-set Ay,
riseven, k=1, 2<i<n-—1; c-set Ay,
3
i=n, k=1; c-set{2n+ %},

k is even,

2<k<m-—1,;

1<1<n—-2,

c-set is given in Table 13,

, 1isodd, kisodd, 1<:<n-—2,
3<k<m; c-setis given in Table 14,
3)+1i+2
) +it , tiseven, kiseven, 2<i:<n-—1,

2

bn+(n—1)(m+k—-2)—i+4

2<k<m-—1; c-setis given in Table 15,

2

(2n+m(n—1)+k+1,

, tiseven, kisodd, 2<i<n-—1,
3<k<m; c-setis given in Table 16,
t=mn, 2<k<m; c-setAs,
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( 2_
”*2 L s odd:
1 n—1
c-set{n;r ’n2 ,...,2,1},
flevy) = o —i+2
n 2@+ , tiseven, 1<i<n-—1;
n+5 n+3
c-set <n,n—1,..., , ,
\ 2 2
(2 + 3
7H;+ Cdisodd, 1<i<n-—2
n—1 n+1
c-set n+2,n+3,...,n+T,n+ 5 ,
f(Uz‘Uz'H): ;
3n+22+37 tiseven, 2<1<n-—1;
5 7
c-set {n+n+ ,n+n+ ,...,2n,2n+1},
\ 2 2
3 3 3
floavy) = n ; c-set n+n+ ,
2 2
n—+1, k=1,
cu”) = § nim—+ + K, < k<Sm;
f(eub) (m+2)+k 2<k<
c-set {mn+2n+2, mn+2n+3,...,mn+ 2n+ m},
where
1 -1
Alz{%%+£§—ﬂn+n2 ,”ﬂn+32n+2}
7 5
1%:{&H13m”wmwf%—ﬂn+”; }

As={mn—-1)+2n+3,mn—1)+2n+4,...,mn+2n,mn +2n+ 1}.

Table 13: nisodd,7isodd, 1 <i:<n—2,m>3isodd, kiseven, 2 <k <m—1

viuf v3ub Vp_qul_, Vp_ouk
1 1
3n 42 30+ 3 3n+"2 3n+”;
_3 1
An+1 An + 2 4n+”2 4n+”2
—D+3n+7 1D 43n+9 _ _
m(n )2+ n+ m(n )2+ n+ m(n2 ) ton+1 m(n2 ) ton+2 lm—1
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Table 14: nisodd,7iso0dd, 1 <i<n—2,m >3isodd, kisodd, 3 < k <m

vyuk vauk Vp_guf_, Vp_ouk_, k
5 3
An An—1 3+ g4+ T 3
2 2
3 1
5n— 1 5n—2 i+t i+ F 5
2 2
1 3 1 1 1 _1
m(n2 )+2n+”; m(”2 )+2n+n;r m(n2 ) onta m(”2 ) yon+3 |m

Table 15: nisodd, 7iseven, 2 <i<n-—1,m>31sodd, kiseven, 2 < k <m —1

7)271,52" 7)471,];’ . 1)7L,zg?1,1273 1)n,1u,],‘;71 k

m(n —1) +2n+n+o m(n —1) +2n+n+7 m(n—l)_’_Sn m(nz_ 1) T3n41 9
-1 1  —1)(m+1 -1 2 -1 2
(n=Dm+1) o %Hﬂwg %%n (-Dm+2) oy
 — 1 n+1
(n=1)(m—2)+3n+2|(n—1)(m—2)+3n+3]... (”*1)(’”*2)*7”2 (”*1)(’”*2”% mel
Table 16: nisodd, 7iseven, 2 <:<n—1,m>3isodd, kisodd, 3 <k <m
voulk vty e U3y _3 Un—1tUp 4 k
_ — -1 -1
= 1)2(m+1)+3n+1 n 1)2(m+1)+3n m(ng )+3n+3 m(n )—|—3n+2 3
(=1m+3) | a=Dm+3) (=Dm+2) o gz Dm+2) 0o 5
2 2 2 2
3 9 3 7
m(n—1)42n+2 m(n—1) +2n+1 m(n —1) + n2+ m(n —1) + n; m

Then, the vertex weights are

2m? 2 1 1
w(e) = MM+ m+”2 JFmm+1) s odd,

( — — 11 1
mn(m + 10) m(T O A1+ S 3isodd iisodd, 1<i<n_2
2) — —4 1 1
w(v;) = Smn(m + 2) 3m£lm ) +17n+ 3, m>3isodd, ziseven, 2<i<n-—1,
m2(2n — 1) + m(2n+5) +8n + 6 -
L 2 ) - )
w(u) = f(vug),

w(u®) = f(cu®).

Thus, the labeling f admits local antimagic labeling of W,, o O,,, with m(n + 1) + 4 colors, for n
is odd.



480

Local antimagic chromatic number for the corona product

Case (2): m is even, m > 2n — 3.

For n = 5 and m = 8, we define a labeling f given in Figure 7. Then the vertex weights are
w(c) = 360, w(vs) = 362, w(vy) = w(vs) = 231, w(vy) = w(vy) = 296 and w(uf) U w(u*) =
= {6,7,13,14,15,...,58}. Thus, x;,(W50 Og < m(n+ 1) + 4. For n # 5 is odd, m is even,

m > 2n — 3 # 8, we define a labeling f as follows:

flev)=n—i+1, 1<i<m
foivig) =n 43414, 1<i<n—1;
f(vpv1) =n+ 3,
(Tn —i+2
2 Y
8n—1+1
2 Y
on—1+95
2 Y
6n —1i+4
2 Y
dn + 1,
dn + 2,
n(k+5)—k+i+8
fload) = ’
nk+6)—k—i+7
2 Y
8qn+(n—1)(m+k—-5)+i+4
2 )
8n+(n—1)(m+k—4)—i+6
2 )
(m(n—1)+2(n+1)+k,
(n+k, 1<k <2
fled")y=Snm+2)+k 3<k<m;
\
where

n—1
2

c-set {n,n—1,...,2, 1},
cset {n+4,n+5,...,2n+1,2n+ 2},

k=1, 7isodd, 1 <i<n—2; c-set By,
k=2, tisodd, 1<i<n—2; c-set By,
k=1, isiseven, 2<i<mn—1; c-set B,
k=2, tiseven, 2<1i<n—1; c-set By,
k=1, 1i=n,
k=2, 1i=n,

1isodd, kisodd, 1<i<n-—2,
3<k<m—1; c-setis given in Table 17,
risodd, kiseven, 1<i<n—2,

4 <k <m; c-setis given in Table 18,
tiseven, kisodd, 1 <:1<n-—1,
3<k<m—1; c-setis given in Table 19,
riseven, kiseven, 1 <:<n—1,

4 < k <m; c-setis given in Table 20,

t1=mn, 3<k<m; c-set Bs,

c-set {n + 1,n + 2},

c-set {mn +2n+3,mn+2n+4,...,mn+ 2n+ m},

,...,3n+3,3n+2},

2

n+1
2

7
By = 3n—|—1,?>n,...,2n+n+

n+3
2 b
,...,2n—|—4,2n+3},

n-+>5

,2n +

5
82:{4n,4n—1,...,3n+n+ 30+

2

)

Bs ={mn—1)+2n+5m(n—1)+2n+6,...,mn+ 2n+ 1,mn + 2n + 2}.
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Table 17: nisodd,71s0dd, 1 <i<n—2,m>3iseven, kisodd, 3 <k<m-—-1
1)1ulf 1)3u§ 1)n,4u§74 /Un,QU]:L72 k
4n + 3 4n +4 4n 4 ot 4n+”T+3 3
—1 1
5+ 2 5n+3 5+ 5n+% 5
m(n —1) m(n —1) m(n—1) 5n+5 | m(n—1) bn+7
5 +2n+5 5 +2n+7 5 5 5 + 5 m—1
Table 18: nisodd,7isodd, 1 <i:<n—2,m > 3iseven, kiseven, 4 < k <m
vyub vaub Vp_quf_, Vp_ouf k
7 5
Bn + 1 5n 4n+”; 4n+”; 4
5) 3
6n 6n — 1 s L2 B4 L2 6
2 2
m(n —1) m(n —1) m(n—1) 5n+4+11|mn—1) 5n+9
—+3 3| ——=+3 2 .
5 + 3n + 5 +3n + 5 + 5 5 5 m
Table 19: nisodd,iiseven, 2 <:<n—1,m>3iseven, kisodd, 3 <k <m-—1
UQu’Q" vwﬁ vn,guﬁ_g vn,lu’;_l k
m(”Q_ D "L("Q_ Y snas Jnzbem=1) 1)2(m i S Y Gl [ Gl 1)2(m —U o] 3
("_21)m+4n+3 (=Dm g . 7(”_1)2(m+1)+4n+1 7(”_1)2("L+1)+4n+2 5
(n—1)(m—=3)+4n+3|(n—1)(m—3)+4n+4|... (n—l)(m—3)+9n2+1 (n—l)(nz—3)+9n;3m—1
Table 20: nisodd, 7iseven, 2 <i:<n—1,m>3iseven, kiseven, 4 < k <m
1)2u'§ 1)4uﬂ§ 1)n,3uﬁ,3 UTL,lufkl k
m(nfl)_’_ém_l_2 m(n71)+4n+1 (n71)2(m71)+4n+4 (nfl)émfl)_’_ém_l_3 4
(n_l)#—i—lln—&-Q meﬂ L= 1)2(7”“) fana| P l)émﬂ) +4n+3] 6
m(n—1)+2n+4 m(n—1)+2n+3 . (n—l)(m—2)+7n2+9 (n—l)(m—2)+7n;7 m
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Thus, the labeling f admits local antimagic labeling of W,, o O,, with m(n + 1) + 4 colors.

Thus, the vertex weights are

—3)+m(2mn+m+1)

2 Y
(m*(n— 1)+ 2m(6n+7) +2(Tn + 3)
4 Y

3m%(n — 1) +2m(2n + 11) + 2(7n + 5)

4
m2(2n — 1) +2(Tn +2) + 9m

\ 2 ’

m 1S even,

I

m>4iseven, tisodd, 1 <7< n—2,
m >4iseven, iiseven, 2 <i<n—1,

m >4iseven, i=mn,

U

Example 3. Figure 6 shows the labeling of W5 o O; given in the proof.

13 17 20 21 24 25 28

W om.

32 22

33 47

/ ’ o
37 49

40 50

53

51

43 07
46

45 11

39 97 ji
38 P 2%

3()
15

927515049 48 47 6 93
\—/ \22

41
40
37
36
15
13

19
18
12

Figure 6: x;, (W50 O7) = 46

39
.\ 12

18 20 23 26 27 30 31 34

14
16
35
38

43
46

33
58 @ 32
57565554 52 7 6 29

28
25
24
19
17

11

Figure 7: x1,(W5 0 Og) = 52

Example 4. Figure 7 shows the labeling of W5 o Og given in the proof.

§ 3. Conclusion

chromatic number for the corona product graph G o O,,

In this paper, we completely determined the local antimagic chromatic number for the corona
product graph W,, o O,,, where n > 3, m > 1.

In general, determining the local antimagic

is too hard, where GG is an arbitrary

graph. The problem of determining the local antimagic chromatic number for the corona product
of other new families of graphs with null graphs is very interesting to address in future work.
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BECTHUK YIMYPTCKOI'O YHUBEPCUTETA. MATEMATUKA. MEXAHUKA. KOMIIbIOTEPHBIE HAYKH

MATEMATUKA 2022. T. 32. Bem. 3. C. 463-485.

P. Hlaukap, M. Y. Hannua
JlokajibHOe aHTHMAarn4eckoe XpoMaTH4ecKoe YMcJI0 A5l KOPOHHOIO MPou3BedeHUsl KoJieca U IycTo-
ro rpacga

Kniouegvie cnosa: noxanbHas aHTUMarnyeckas MapKHUpPOBKa, JIOKaJbHOE aHTHMardueckoe XpoMaTH4ecKoe
YHCJI0, KOPOHHOE IIPOU3BEACHUE, rpad Koyeco.

YIK 519.1
DOI: 10.35634/vm220308

Ilycts G = (V, E) — rpad nopsiika p ¥ pa3mepa ¢, HE MMEIOIIHN M30JMPOBAaHHBIX BepUIMH. Buekius
f+ E — {1,2,3,...,q} Ha3biBaeTCs JIOKAIbHO aHTUMArWYeCKO MapKHPOBKOH, eciu i BceX uv € F
nveem w(u) # w(v), Bec w(u) = 3 c gy f(€), rae E(u) — muoxectso pedep, MHUMACHTHBIX u. I'pad G
SIBJISIETCSI JIOKAJBHO aHTUMAarmdeckuM, eciv (G UMeeT JIOKallbHO aHTUMarndeckyr MapKUpoBKy. JIokaib-
HOC aHTHMArn4ecKOe XpOMaTHUECKOE YHCIO X (o (G) ompenessercss Kak MUHHUMAJIbHOE KOIMYECTBO [[BETOB,
B3ATBIX MO0 BceM packpackam (G, MHAYIIMPOBAHHBIM JIOKATGHBIMH aHTHMArd4eCKUMH MapKHpoBkamu G.
B nmanHO#1 paboTe MBI MOJHOCTBIO OIMpPEAENTAEM JIOKAIbHOE aHTUMarn4eckoe XpOMaTH4ecKoe UYUCIO IS
KOPOHHOTO TIPOM3BENCHUS Tpada Kojieca u IMycToro rpada.
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