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We 
onsider an approa
h to 
onstru
ting a non-anti
ipating sele
tion of a multivalued mapping; su
h a prob-

lem arises in 
ontrol theory under 
onditions of un
ertainty. The approa
h is 
alled �unlo
king of predi
ate�

and 
onsists in the redu
tion of �nding the truth set of a predi
ate to sear
hing �xed points of some mappings.

Unlo
king of predi
ate gives an extra opportunity to analyze the truth set and to build its elements with

desired properties. In this arti
le, we outline how to build �unlo
king mappings� for some general types of

predi
ates: we give a formal de�nition of the predi
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king operation, the rules for the 
onstru
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and 
al
ulation of �unlo
king mappings� and their basi
 properties. As an illustration, we routinely 
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two unlo
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ate �be non-anti
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ipating sele
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Introdu
tion

We 
onsider an approa
h to 
onstru
ting a non-anti
ipating sele
tion of a multivalued mapping;

su
h a problem arises in 
ontrol theory under 
onditions of un
ertainty. The approa
h is 
alled

�unlo
king of predi
ate� and 
onsists in the redu
tion of �nding the truth set of a predi
ate to

sear
hing �xed points of some mappings. Unlo
king of predi
ate gives an extra opportunity to

analyze the truth set and to build its elements with desired properties.

This 
on
ept is used in many �elds of mathemati
s: in di�erential equations and di�erential in
lu-

sions; in game theory, when studying the saddle points (see [1℄) and the Nash equilibria (see [2,3℄); in

dynami
 games, when 
onstru
ting the stable (weakly invariant) sets (see [4,5℄) and non-anti
ipating

sele
tions of multivalued mappings (see [6,7℄). However, in all the above 
ases �unlo
king mappings�

are presented as a ready�made produ
t: a method for 
onstru
ting an �unlo
king mapping� has

remained beyond the 
onsideration.

In this arti
le, we outline how to build �unlo
king mappings� for some general types of predi
ates:

we give a formal de�nition of the predi
ate unlo
king operation, the rules for the 
onstru
tion and


al
ulation of �unlo
king mappings� and their basi
 properties. As an illustration, we routinely


onstru
t two unlo
king mappings for the predi
ate �be non-anti
ipating mapping� and then on this

base we provide the expression for the greatest non-anti
ipating sele
tion of a given multifun
tion.

This work 
ontinues [8℄ where the pro
edure for the predi
ate "be Nash equilibrium" is presented.

� 1. Notation and de�nitions

1. Hereinafter, we use the set�theoreti
 symbols (quanti�ers, propositional bundles, ∅ for the

empty set);

def

= for the equality by de�nition;

def

⇔ for the equivalen
e by de�nition. We a

ept the

axiom of 
hoi
e. A set 
onsisting of sets is 
alled a family. By P(T ) (by P
′(T )), we denote the

family of all (all nonempty) subsets of an arbitrary set T ; the family P(T ) is also 
alled Boolean of

the set T . If A and B are non-empty sets, then BA
is the set of all fun
tions from the set A to the

set B (see [9℄). If f ∈ BA
and C ∈ P

′(A), then (f |C) ∈ BC
is the restri
tion of f to the set C:

(f |C)(x)
def

= f(x) ∀x ∈ C. We denote the image of the set C ∈ P(A) under the fun
tion f by f(C):

f(C)
def

= {f(x) : x ∈ C}. When f ∈ P(B)A, f is 
alled a multivalued fun
tion or multifun
tion

http://dx.doi.org/10.20537/vm170211
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(m/f) from A in B. The term �mapping� means a fun
tion or m/f. In 
ase F ∈ P
′(BA), we denote

(F |C)

def

= {(f |C) : f ∈ F}. If f ∈ BA
, we denote by f−1

the m/f from B into A de�ned by the

rule

f−1(b)
def

=

{

{a ∈ A | b = f(a)}, b ∈ f(A),

∅, b 6∈ f(A)
∀b ∈ B.

We 
all the m/f f−1
inverse mapping. If f ∈ P(B)A, i. e. f is a m/f, we de�ne f−1

by

f−1(b)
def

=

{

{a ∈ A | b ∈ f(a)}, b ∈
⋃

f(A),

∅, b 6∈
⋃

f(A)
∀b ∈ B.

For any f ∈ XX
we denote by Fix(f) the set of all �xed points of f : Fix(f)

def

= {x ∈ X | f(x) = x}.

In the 
ase when f is a m/f, the set Fix(f) is de�ned by: Fix(f)
def

= {x ∈ X | x ∈ f(x)}.
2. A predi
ate P on a non-empty set X is identi�ed with the same name fun
tion from {0, 1}X .

We say that x ∈ X satis�es the predi
ate P and write it down by P (x) i� P (x) = 1. The set

of all x ∈ X satisfying the predi
ate P is 
alled the set of truth (of the predi
ate P ). Following

the de�nition of an inverse mapping, we denote this set by P−1(1). The set of all predi
ates on

X is denoted by PR(X). We denote by T (by F) the predi
ate on X de�ned by: T−1(1) = X

(F−1(0) = X). Hen
e, for any P ∈ PR(X), the equalities P = T&P = F ∨ P , where �&� (�∨�)
denotes logi
al �and� (�or�), are valid.

We 
all unlo
king of predi
ate P the operation of 
onstru
ting a mapping FP ∈ P(X)X ∪ XX

that satis�es the 
ondition

Fix(FP ) = P−1(1). (1.1)

The mapping FP with property (1.1), is 
alled unlo
king mapping (for the predi
ate P ). Denote by

UM(P ) the set of all unlo
king m/f for the predi
ate P . Thus, UM(P ) ∈ P
′(P(X)X ). The formal

ex
lusion of fun
tions (the set XX
) from UM(P ) is dummy, be
ause every fun
tion f satisfying

Fix(f) = P−1(1) is represented by the m/f Ff in UM(P ): Ff (x)
def

= {f(x)} ∀x ∈ X. So, for

a fun
tion f we write down f ∈ UM(P ) keeping in mind the in
lusion Ff ∈ UM(P ).
3. For any set X 6= ∅ and a partial ordering relation 4∈ P

′(X ×X), we denote by (X,4) the

orresponding partially ordered set (poset). A set C ⊂ X is 
alled a 
hain if it is totally ordered

by 4: (x 4 y) ∨ (y 4 x) ∀x, y ∈ C. In parti
ular, ∅ is a 
hain. Following [10℄, we 
all a poset

(X,4) a 
hain�
omplete poset if there exists the greatest lower bound inf C ∈ X for any 
hain

C ⊂ X. In parti
ular, every 
hain�
omplete poset (X,4) has the greatest element ⊤ ∈ X (the

greatest lower bound of the empty 
hain), and, thus, it is not empty. For Y ∈ P(X), we denote by

⊤Y and ⊥Y the greatest and the least elements of the set Y , respe
tively, if they exist. A poset is


alled a 
omplete latti
e i� any subset has the greatest and the least elements. So, any 
omplete

latti
e is a 
hain�
omplete poset. Let (X,4) be a non-empty poset and f ∈ XX
. The fun
tion f is


alled restri
tive if f(x) 4 x for every x ∈ X . The fun
tion f is 
alled isotone if the impli
ation

(x 4 y) ⇒ (f(x) 4 f(y)) holds for all x, y ∈ X.

4. Denote the 
lass of ordinals by ORD. For a set X, we denote by |X| the least ordinal that

is equipotent to the set X (the 
ardinal of X). The relation of order (stri
t order) on the 
lass of


ardinals is denoted by

<
= (

<
). For any set H, let |H|+ ∈ ORD be the least ordinal among the

ordinals η with the property |H| < |η|.

� 2. Cal
ulus of unlo
king mappings

2.1. The order, restri
tions and logi
al operations

1. Let X be a nonempty set. On the set P(X)X , we introdu
e the partial order 4, as-

suming that (g 4 f)
def

⇔ (g(x) ⊂ f(x) ∀x ∈ X) ∀f , g ∈ P(X)X Then we have the equivalen
e

(g 4 f) ⇔ (g−1 4 f−1). The poset (P(X)X ,4) is a 
omplete latti
e. It is also easy to 
he
k that,
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for any P ∈ PR(X), the poset (UM(P ),4) forms a 
omplete sublatti
e (a subset being a 
omplete

latti
e) in (P(X)X ,4) and the equalities are true:

⊤UM(P )(x) =

{

X, P (x),

X \ {x}, ¬P (x),
⊥UM(P )(x) =

{

{x}, P (x),

∅, ¬P (x).

In parti
ular, for the predi
ates T, F, the relations ⊤UM(T)(x) = X, ⊥UM(T)(x) = {x}, ⊤UM(F)(x) =

X \ {x}, and ⊥UM(F)(x) = ∅ are valid for all x ∈ X. By de�nition, we have ⊤UM(P ) = ⊤−1
UM(P ),

⊥UM(P ) = ⊥−1
UM(P ).

Lemma 1. For all f ∈ P(X)X , the relations

(f 4 ⊤UM(P )) ⇒ (Fix(f) ⊂ P−1(1)), (⊥UM(P ) 4 f) ⇒ (P−1(1) ⊂ Fix(f))

are ful�lled. Consequently,

UM(P ) = {f ∈ P(X)X | ⊥UM(P ) 4 f 4 ⊤UM(P )}, (f ∈ UM(P )) ⇔ (f−1 ∈ UM(P )).

2. For any φ ∈ P(X)X and Y ∈ P
′(X), we denote by [φ |Y ] the following mapping

[φ |Y ](y)
def

= Y ∩ φ(y) ∀y ∈ Y . Re
all that the restri
tion (P |Y ) ∈ PR(Y )
def

= {0, 1}Y of

P ∈ PR(X) is de�ned by (P |Y )(y)
def

= P (y), ∀y ∈ Y .

Lemma 2. For all P ∈ PR(X), Y ∈ P
′(X) the equalities UM((P |Y )) = {[φ |Y ] : φ ∈ UM(P )}

are valid.

3. The following lemma provides unlo
king mappings for some expressions of propositional logi
.

Lemma 3. If P,Q ∈ PR(X), then the equalities are valid:

UM(¬P ) = {f ∈ P(X)X | ∃g ∈ UM(P ) : f(x) = X \ g(x) ∀x ∈ X},

UM(P&Q) = {f ∈ P(X)X | ∃g ∈ UM(P )∃q ∈ UM(Q) : f(x) = g(x) ∩ q(x) ∀x ∈ X},

UM(P ∨Q) = {f ∈ P(X)X | ∃g ∈ UM(P )∃q ∈ UM(Q) : f(x) = g(x) ∪ q(x) ∀x ∈ X}.

Using the above relations, one 
an 
onstru
t unlo
king mappings for a variety of other proposi-

tional logi
 expressions.

Corollary 1. For all P ∈ PR(X), f ∈ UM(P ), T ∈ UM(T), and F ∈ UM(F), the m/f fT ,

fF ∈ P(X)X de�ned by fT (x)
def

= T (x) ∩ f(x), fF (x)
def

= F (x) ∪ f(x) ∀x ∈ X, are unlo
king m/f for

the predi
ate P : fT , fF ∈ UM(P ). In addition, we have the relations:

⊥UM(P )(x) = ⊥UM(T)(x) ∩ f(x) = {x} ∩ f(x),

⊤UM(P )(x) = ⊤UM(F)(x) ∪ f(x) = (X \ {x}) ∪ f(x).

4. Lemma 4 is based on the 
orollary 1 and allows us to 
onstru
t an unlo
king fun
tion from

a given unlo
king m/f in the 
ase when X is an ordered set. Let (X,6) be a poset and the m/f

LEX ∈ P(X)X is de�ned by

LEX(x)
def

= {y ∈ X | y 6 x}. (2.1)

Noti
e that LEX ∈ UM(T).

Lemma 4. Let (X,4) be a nonempty poset, P ∈ PR(X), and f ∈ UM(P ). Let G ∈ P(X)X be

de�ned by

G(x)
def

= LEX(x) ∩ f(x), x ∈ X, (2.2)

Y
def

= {y ∈ X | G(y) 6= ∅}, and the fun
tion g ∈ Y Y
be de�ned by

g(x)
def

=

{

⊤G(x), ∃⊤G(x),

y ∈ G(x), ¬∃⊤G(x),
x ∈ Y.

Then g is restri
tive on (Y,4) and Fix(g) = P−1(1).
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2.2. Unlo
king the 
onjun
tion of predi
ates de�ned on a produ
t

The 
onjun
tion of a set of predi
ates is an important parti
ular 
ase. Using this pe
uliarity,

lemma 5 gives the 
onstru
tion of the 
orresponding unlo
king m/f.

Let I , (Xι)ι∈I be non-empty sets and

X
def

=
∏

ι∈I

Xι. (2.3)

We 
all an element x ∈ X a tuple from X (or simply a tuple if the set X is �xed) and denote the

ι�th element of the tuple x by xι: xι
def

= (x | {ι}) ∈ Xι. Denote by (y, x−ι) the tuple from X resulted

from the tuple x ∈ X by substituting the element y ∈ Xι at the position of xι:

(y, x−ι)
def

=

{

y,  = ι,

x,  ∈ I \ {ι}
∀x ∈ X ∀y ∈ Xι ∀ι ∈ I.

Let a family of predi
ates P ∈ PR(X),  ∈ J on the produ
t X be given. Let the predi
ate

P ∈ PR(X) have the form P (x)
def

⇔ (P(x) ∀ ∈ J ) x ∈ X. Let |J | <
= |I| and q ∈ IJ

be the


orresponding inje
tion of J into I . De�ne the m/f FP ∈ P(X)X as follows:

FP (x)
def

=
∏

ι∈I

Bι(x) ∀x ∈ X, (2.4)

where m/f Bι,Bι ∈ P(Xι)
X

are de�ned by

Bι(x)
def

=

{

Bιq−1(ι)(x)((y, x−ι))}, ι ∈ q(J ),

Xι, ι 6∈ q(J ),

Bι(x)
def

= {y ∈ Xι | P((y, x−ι))}, x ∈ X, ι ∈ I,  ∈ J .

(2.5)

Lemma 5. FP ∈ UM(P ).

� 3. The greatest non-anti
ipating sele
tion

In [6, 7℄, the representation of non-anti
ipating sele
tions of a m/f as the set of �xpoins of a

fun
tion (noted by Γ) is provided. In other words, the unlo
king of predi
ate �be non-anti
ipating

sele
tion� is ful�lled. At the same time, the pro
ess of 
onstru
ting the fun
tion Γ remained out of


onsideration. In this se
tion, we 
arry out the pro
ess using 
onstru
tions from [6,7℄ and relations

from the se
tion 2.

3.1. Notation and de�nitions

Hereinafter, we �x D
def

= I ×X, where I and X are non-empty sets. Sele
t the set C ∈ P
′(XI)

whose elements are 
onsidered as �realizations of 
ontrol a
tions�. So, the sets I and X are analogues

of time and state spa
e respe
tively. Then we sele
t and �x the sets Y and Ω ∈ P
′(Y I). Elements

of Ω are treated as �realizations of un
ertainty fa
tors�. Let M
def

= P(C)Ω denote the set of all m/f

from Ω into C: α(ω) ⊂ C for any ω ∈ Ω, α ∈ M.

The partial order ⊑ on M is de�ned by

(φ ⊑ ψ)
def

⇔ (φ(ω) ⊂ ψ(ω) ∀ω ∈ Ω) ∀φ,ψ ∈ M.

One 
an verify that the poset (M,⊑) is a 
omplete latti
e. For any φ,ψ ∈ M, we 
all m/f φ

a sele
tion of ψ i� φ ⊑ ψ.

Let X ∈ P(I) be a non�empty set and Ω(ω |A)
def

= {ν ∈ Ω | (ν |A) = (ω |A)} ∀ω ∈ Ω, ∀A ∈ X .

A m/f φ ∈ M is 
alled X�non-anti
ipating, i�

(ω′ ∈ Ω(ω |A)) ⇒
(

(φ(ω) |A) ⊂ (φ(ω′) |A)
)

∀A ∈ X , ∀ω, ω′ ∈ Ω. (3.1)
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Remark 1. Due to the equivalen
e

(ω′ ∈ Ω(ω |A)) ⇔ (ω ∈ Ω(ω′ |A)) ⇔ ((ω |A) = (ω′ |A)) ∀A ∈ X , ∀ω, ω′ ∈ Ω,

impli
ations (3.1) are equivalent to the relations

((ω |A) = (ω′ |A)) ⇒
(

(φ(ω) |A) = (φ(ω′) |A)
)

∀A ∈ X , ∀ω, ω′ ∈ Ω,

whi
h are usually 
onsidered as the de�nition of non-anti
ipating property.

Fix the family X and a m/fM ∈ M. Our aim is to �nd the greatest in (M,⊑) X -non-anti
ipating

sele
tion of the m/f M. So, we should �nd a m/f φ ∈ M, satisfying 
ondition (3.1), the inequality

φ ⊑ M, and su
h that the relation β ⊑ φ is valid for any β ∈ M satisfying (3.1) and the inequality

β ⊑ M.

For the analysis of the problem above, we de�ne the predi
ate Pna ∈ PR(M) �be X -non-

anti
ipating mapping� by

Pna(φ)
def

⇔
(

(ω′ ∈ Ω(ω |A)) ⇒
(

(φ(ω) |A) ⊂ (φ(ω′) |A)
)

∀A ∈ X ∀ω, ω′ ∈ Ω
)

∀φ ∈ M, (3.2)

and introdu
e some new notation. For arbitrary A ∈ X , Ψ ⊂ Ω, ω ∈ Ω, H ⊂ C, h ∈ C, and φ ∈ M

we set

Ψ(ω |A)
def

= {ν ∈ Ψ | (ν |A) = (ω |A)}, H(h |A)
def

= {f ∈ H | (f |A) = (h |A)}, (3.3)

Ψ(−ω |A)
def

= Ψ(ω |A) \ {ω},

[φ](ω |A)
def

=
⋂

ν∈Ω(ω |A)

(φ(ν) |A), (3.4)

[φ](−ω |A)
def

=
⋂

ν∈Ω(−ω |A)

(φ(ν) |A). (3.5)

3.2. Unlo
king the predi
ate �be X -non-anti
ipating mapping�

It follows dire
tly from de�nition (3.2) that Pna is the 
onjun
tion of the family {Pω | ω ∈ Ω},
where

Pω(φ)
def

⇔
(

(ω′ ∈ Ω(ω |A)) ⇒
(

(φ(ω) |A) ⊂ (φ(ω′) |A)
)

∀A ∈ X
)

∀ω ∈ Ω, ∀φ ∈ M. (3.6)

Then we transform (3.6) using notation (3.4).

Lemma 6.

Pω(φ) ⇔
(

[φ](ω |A) = (φ(ω) |A) ∀A ∈ X
)

∀ω ∈ Ω, ∀φ ∈ M. (3.7)

So, the predi
ate Pna has the form (see (3.2))

Pna(φ) ⇔ (Pω(φ) ∀ω ∈ Ω) ⇔
(

[φ](ω |A) = (φ(ω) |A) ∀A ∈ X ∀ω ∈ Ω
)

∀φ ∈ M.

A

ording to s
heme (2.3)�(2.4), we represent M as the produ
t of Ω 
opies of the set P(C).
By the de�nitions the index set in the 
onjun
tion representing Pna 
oin
ides with the one in the

produ
t representing M. Hen
e, the inje
tion q in (2.5) 
an be 
hosen as the identity mapping.

Then we have

I
def

= Ω, Xι
def

= Xω
def

= P(C), ω ∈ Ω, M
def

= X
def

=
∏

ι∈I

Xι
def

=
∏

ω∈Ω

P(C),

Bι
def

= Bω ∈ P(P(C))M, FPna
(φ)

def

=
∏

ω∈Ω

Bω(φ) ∈ P(P(C))
def

= P(M)M.

We provide this list of �a
tors and performers� for the 
onvenien
e of tra
king s
heme (2.3)�(2.4).

A

ording to (2.5), (3.7) and notation (3.3)�(3.5), we 
onstru
t the expression for Bω ∈
∈ P(P(C))M (re
all that q is the identity map):
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Lemma 7.

Bω(φ) = P









⋂

A∈X

⋃

h∈C
(h |A)∈[φ](−ω |A)

C(h |A)









∀ω ∈ Ω, ∀φ ∈ M.

By lemma 5, the in
lusion FPna
∈ UM(Pna), where the mapping FPna

∈ P(M)M (see (2.4)) has

the form

FPna
(φ)

def

=
∏

ω∈Ω

P









⋂

A∈X

⋃

h∈C
(h |A)∈[φ](−ω |A)

C(h |A)









∀φ ∈ M, (3.8)

is true.

Formally speaking the unlo
king operation for the predi
ate Pna is performed. But we need some

steps to apply result (3.8) for solving the initial problem of 
onstru
ting the greatest non-anti
ipating

sele
tion of the given m/f M.

3.3. Design of the greatest X -non-anti
ipating sele
tion

We turn to the 
onstru
tion of the greatest X -non-anti
ipating sele
tion of M. So, our aim is

to �nd ⊤(Pna |MM)−1(1), where (Pna |MM) ∈ PR(MM) is the restri
tion of the predi
ate Pna to

the non-empty set MM ⊂ M, MM
def

= {φ ∈ M | φ ⊑ M}. By the in
lusion FPna
∈ UM(Pna), we

should �nd the greatest element among �xpoints of (3.8) belonging the poset (MM,⊑). One 
an

verify that the poset (MM,⊑) is also a 
omplete latti
e. Hen
e, it is a non-empty poset.

Using lemma 1, we 
onstru
t from FPna
an unlo
king m/f F(Pna |MM) for the predi
ate

(Pna |MM):

F(Pna |MM)(φ) = [FPna
|MM](φ) = MM ∩ FPna

(φ) =
∏

ω∈Ω

P









⋂

A∈X

⋃

h∈C
(h |A)∈[φ](−ω |A)

M(ω)(h |A)









for all φ ∈ MM. Now we use lemma 4 for �narrowing� m/f F(Pna |MM) ∈ UM((Pna |MM)). Note

that the lemma is valid in our 
ase: (MM,⊑) is a nonempty poset. The m/f LEMM
(see (2.1)) in

this 
ase is de�ned by

LEMM
(α) =

∏

ω∈Ω

P(α(ω)), α ∈ MM. (3.9)

Following (2.2) and (3.9), we 
onstru
t m/f Ḡ ∈ P(MM)MM
:

Ḡ(φ)
def

= F(Pna |MM)(φ) ∩ LEMM
(φ) =

∏

ω∈Ω

P









⋂

A∈X

⋃

h∈C
(h |A)∈[φ](−ω |A)

φ(ω)(h |A)









∀φ ∈ MM.

Due to in
lusion ∅ ∈ P(X) for any set X, the inequalities Ḡ(φ) 6= ∅, φ ∈ MM hold. Consider the

fun
tion γ ∈ (MM)MM
de�ned by the rule γ(ψ)

def

= sup(MM,⊑) Ḡ(ψ) ∀ψ ∈ MM. For the fun
tion,

it follows that

γ(φ) =
∏

ω∈Ω

⋂

A∈X

⋃

h∈C
(h |A)∈[φ](−ω |A)

φ(ω)(h |A) ∀φ ∈ MM. (3.10)

Equalities (3.10) imply that γ is isotone and the in
lusions γ(φ) ∈ Ḡ(φ), ∀φ ∈ MM are valid. Hen
e,

for all φ ∈ MM, the equality γ(φ) = ⊤Ḡ(φ) is ful�lled. Sin
e Ḡ and γ satisfy lemma 4, we 
on
lude

that: γ is an isotone restri
tive fun
tion and Fix(γ) = P−1
na (1).

The properties of the fun
tion γ allows us to use the following theorem.
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Theorem 1 (see [11℄). Let (X,4) be a 
hain-
omplete poset, f ∈ XX
be a restri
tive fun
tion

on (X,4), and an ordinal α satisfy |X|+ 4 α. Then Fix(f) = {fα(x) : x ∈ X}.

So, for any α ∈ ORD su
h that |MM|+ 4 α, the equality

(Pna |MM)−1(1) = {γα(ψ) : ψ ∈ MM}

is true. Here we have the expression for the set of all non-anti
ipating sele
tions of m/f M.

As γ is isotone and MM is a 
omplete latti
e, we 
an use the Tarski theorem [12, Theorem 1℄:

the set Fix(γ) = (Pna |MM)−1(1) is a 
omplete latti
e in (MM,⊑). Hen
e, there is the greatest

non-anti
ipating sele
tion ⊤(Pna |MM)−1(1) in the poset MM. Due to another result of Patri
k and

Radhia Cousot (see [13, Theorem 3.2℄), it 
an be des
ribed in terms of trans�nite iterations of γ

starting at M:

⊤(Pna |MM)−1(1) = ⊤Fix(γ) = γα(⊤MM
) = γα(M). (3.11)

Thus, we have the desired expression for the greatest non-anti
ipating sele
tion of the m/f M.

3.4. Fun
tions Γ and γ

Write down expression (3.10) in the 
oordinate form:

γ(φ)(ω) =
⋂

A∈X

⋃

h∈C
(h |A)∈[φ](ω |A)

φ(ω)(h |A) ∀ω ∈ Ω ∀φ ∈ M. (3.12)

Eliminating notation (3.3), (3.4) from (3.12), we get the equality γ(φ)(ω) = Γ(φ)(ω) ∀φ ∈ M

∀ω ∈ Ω, where Γ is given in [6, se
. 4℄:

Γ(φ)(ω)
def

= {f ∈ φ(ω) | ∀A ∈ X ∀ω′ ∈ Ω(ω |A)∃f ′ ∈ φ(ω′) : (f |A) = (f ′ |A)} ∀ω ∈ Ω ∀φ ∈ M.

Relation (3.11) generalizes the presentation [6, theorem 6.1℄, where α = ω (the least in�nite ordinal)

is used. In our 
ase, the bigger ordinal 
ompensates the absen
e of topologi
al requirements on Ω,
C, and M.

� 4. Con
lusion

The main appli
ation of the te
hnique appears to be the existen
e theorems (for an equilibrium,

for an equation solution). When a predi
ate is de�ned on a poset, the greatest solution 
an be

expli
itly written down as a limit of iterations.

It is interesting to noti
e that the pro
ess (of unlo
king of predi
ate) 
an also be used in the

opposite dire
tion: well known Fan's result on saddle points [14℄ prompted the author to look for

one more �xed point theorem [15℄.

REFERENCES

1. Kakutani S. A generalization of Brouwer's �xed point theorem, Duke Math. J., 1941, vol. 8, no. 3,

pp. 457�459. DOI: 10.1215/S0012-7094-41-00838-4

2. Nash J. Non-
ooperative games, Ann. of Math., 1951, vol. 54, no. 2, pp. 286�295.

DOI: 10.2307/1969529

3. Nikaido H. On von Neumann's minimax theorem, Pa
i�
 Journal of Mathemati
s, 1954, vol. 4, no. 1,

pp. 65�72. DOI: 10.2140/pjm.1954.4.65

4. Chentsov A.G. On the stru
ture of a game problem of 
onvergen
e, Sov. Math., Dokl., 1975, vol. 16,

no. 5, pp. 1404�1408.

5. Chentsov A.G. On a game problem of guidan
e, Sov. Math., Dokl., 1976, vol. 17, pp. 73�77.

6. Chentsov A.G. Non-anti
ipating sele
tors for set-valued mappings, Di�er. Uravn. Protsessy Upr., 1998,

no. 2, pp. 29�64 (in Russian).

7. Chentsov A.G. Hereditary multisele
tors of set-valued mappings and their 
onstru
ting by iteration

methods, Di�er. Uravn. Protsessy Upr., 1999, no. 3, pp. 1�54 (in Russian).

http://dx.doi.org/10.1215/S0012-7094-41-00838-4
http://dx.doi.org/10.2307/1969529
http://dx.doi.org/10.2140/pjm.1954.4.65


290 D.A. Serkov

MATHEMATICS 2017. Vol. 27. Issue 2

8. Serkov D.A. An approa
h to analysis of the set of truth: unlo
king of predi
ate, Vestn. Udmurt. Univ.

Mat. Mekh. Komp'yut. Nauki, 2016, vol. 26, issue 4, pp. 525�534 (in Russian). DOI: 10.20537/vm160407

9. Kuratowski K., Mostowski A. Set theory, Amsterdam: North-Holland, 1967, xi+417 p. Translated under

the title Teoriya mnozhestv, Mos
ow: Mir, 1970, 416 p.

10. Markowsky G. Chain-
omplete posets and dire
ted sets with appli
ations, Algebra Universalis, 1976,

vol. 6, issue 1, pp. 53�68. DOI: 10.1007/BF02485815

11. Serkov D.A. Trans�nite sequen
es in the method of programmed iterations, Tr. Inst. Mat. Mekh. Ural.

Otd. Ross. Akad. Nauk, 2017, vol. 23, no. 1, pp. 228�240 (in Russian).

DOI: 10.21538/0134-4889-2017-23-1-228-240

12. Tarski A. A latti
e-theoreti
al �xpoint theorem and its appli
ations, Pa
i�
 Journal of Mathemati
s,

1955, vol. 5, no. 2, pp. 285�309. DOI: 10.2140/pjm.1955.5.285

13. Cousot P., Cousot R. Constru
tive versions of Tarski's �xed point theorems, Pa
i�
 Journal of Mathe-

mati
s, 1979, vol. 82, no. 1, pp. 43�57. http://proje
teu
lid.org/eu
lid.pjm/1102785059

14. Fan K. Minimax theorems, Pro
. Natl. A
ad. S
i. USA, 1953, vol. 39, no. 1, pp. 42�47.

15. Serkov D.A. On �xed point theory and its appli
ations to equilibrium models, Bulletin of the South Ural

State University, Series Mathemati
al Modelling, Programming and Computer Software, 2016, vol. 9,

no. 1, pp. 20-31. DOI: 10.14529/mmp160102

Re
eived 01.02.2017

Serkov Dmitrii Aleksandrovi
h, Do
tor of Physi
s and Mathemati
s, Leading Resear
her, N.N. Krasovskii

Institute of Mathemati
s and Me
hani
s, Ural Bran
h of the Russian A
ademy of S
ien
es, ul. S. Kovalevskoi,

16, Yekaterinburg, 620219, Russia;

Professor, Institute of Radioele
troni
s and Information Te
hnologies, Ural Federal University, ul. Mira, 32,

Yekaterinburg, 620002, Russia.

E-mail: serkov�imm.uran.ru

Ä.À. Ñåðêîâ

�àçìûêàíèå ïðåäèêàòà: ïðèëîæåíèå ê çàäà÷å ïîñòðîåíèÿ íåóïðåæäàþùåãî ñåëåêòîðà

Öèòàòà: Âåñòíèê Óäìóðòñêîãî óíèâåðñèòåòà. Ìàòåìàòèêà. Ìåõàíèêà. Êîìïüþòåðíûå íàóêè. 2017.

Ò. 27. Âûï. 2. Ñ. 283�291.

Êëþ÷åâûå ñëîâà: ðàçìûêàíèå ïðåäèêàòà, íåïîäâèæíûå òî÷êè, íåóïðåæäàþùèå îòîáðàæåíèÿ.

ÓÄÊ 510.635, 517.988.52, 519.833, 517.977

DOI: 10.20537/vm170211

Â ðàáîòå ðàçðàáàòûâàåòñÿ ìåòîä, èìåíóåìûé ¾ðàçìûêàíèå ïðåäèêàòà¿, ñâîäÿùèé çàäà÷ó ïîèñêà ìíîæå-

ñòâà èñòèííîñòè ïðåäèêàòà ê çàäà÷å ïîèñêà ìíîæåñòâà íåïîäâèæíûõ òî÷åê íåêîòîðîãî (âîîáùå ãîâîðÿ,

ìíîãîçíà÷íîãî) îòîáðàæåíèÿ. Ïðåäëàãàåìàÿ òåõíèêà äàåò äîïîëíèòåëüíûå âîçìîæíîñòè àíàëèçà çàäà÷

è ïîñòðîåíèÿ ðåøåíèé ïóòåì ñèñòåìàòè÷åñêîãî ïðèâëå÷åíèÿ ðåçóëüòàòîâ òåîðèè íåïîäâèæíûõ òî÷åê.

Äàíû �îðìàëüíîå îïðåäåëåíèå îïåðàöèè ðàçìûêàíèÿ ïðåäèêàòà, ñïîñîáû ïîñòðîåíèÿ è èñ÷èñëåíèÿ

ðàçìûêàþùèõ îòîáðàæåíèé è èõ îñíîâíûå ñâîéñòâà. Â ñëó÷àå êîãäà îáëàñòü îïðåäåëåíèÿ ïðåäèêàòà

÷àñòè÷íî óïîðÿäî÷åíà, óêàçàíû ñïîñîáû ïîñòðîåíèÿ ðàçìûêàþùèõ �óíêöèé, îáëàäàþùèõ ñâîéñòâîì

ñóæàåìîñòè. Ýòî ïîçâîëèëî ïîëó÷èòü ïðåäñòàâëåíèÿ èíòåðåñóþùèõ ýëåìåíòîâ ðåøåíèÿ â âèäå èòåðà-

öèîííûõ ïðåäåëîâ. Ïðåäëàãàåìûé ïîäõîä â ñèëó àáñòðàêòíîñòè èìååò øèðîêóþ ñ�åðó ïðèìåíåíèÿ.

Âìåñòå ñ òåì ý��åêòèâíîñòü ïîëó÷åííîãî ðåøåíèÿ çàâèñèò îò ñïåöè�èêè ðàññìàòðèâàåìîé çàäà÷è

è âûáðàííîãî âàðèàíòà ðåàëèçàöèè ìåòîäà. Â êà÷åñòâå èëëþñòðàöèè â ðàáîòå ðàññìîòðåíà ïðîöåäóðà

ïîñòðîåíèÿ ðàçìûêàþùåãî îòîáðàæåíèÿ äëÿ ïðåäèêàòà ¾áûòü íåóïðåæäàþùèì ñåëåêòîðîì¿. Íà îñ-

íîâå ýòîãî îòîáðàæåíèÿ ïîëó÷åíî âûðàæåíèå äëÿ íàèáîëüøåãî íåóïðåæäàþùåãî ñåëåêòîðà çàäàííîé

ìóëüòè�óíêöèè.
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