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ON A SUBCLASS OF UNIVALENT FUNCTIONS WITH NEGATIVE
COEFFICIENTS DEFINED BY LINEAR OPERATOR

The present paper introduces and studies the subclass A, (m, 3, p, g, \) of univalent functions with negative
coefficients defined by new linear operator J* in the open unit disk 4 = {z € C : |2| < 1}. The main
task is to investigate several properties such as coefficient estimates, distortion theorems, closure theorems.
Neighborhood and radii of starlikeness, convexity and close-to-convexity of functions belonging to the class
Ap(m, B, p,q,A) are studied.

Keywords: analytic univalent function, Hadamard product, Ruscheweyh derivative, distortion theorems,
closure theorems.

§ 1. Introduction

Let A(n) denote the class of functions normalized by

o0

f)=z+ ) @z’ (neN=123.), (1.1)
k=n+1

which are analytic and univalent in the open unit disk « = {z € C : |z| < 1}. Let A~ (n) be the
subclass of A(n), consisting of functions of the form

f(z)=2z— Z arz® (neN, a;>0). (1.2)

we define the Hadamard product (or convolution) of f(z) and g(z) by

fR)xg(z) =2+ > a2’ (zell). (1.3)
k=n-+1

We define the function ®(a,c;z) by

b(a,c;2) =z + Z «Z)ﬁzk (a€R, ceR—{0,—-1,-2,...}),
w1

where (a) is the Pochhammer symbol defined by

rm+ky_{L if k=0,

(a)k: F((I) a(a+1)(a+2) ----- (a—l—]{?—l), if k€ N.

We consider a functions &~ (a, ¢; z) defined by the convolution

z

q)((l, C; Z) * q>_((l, C; Z) = m,
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where A > —1, z € Y. This function yields the following family of linear operators
Ma,¢;2)f(2) = (a,¢;2) * f(2), z €U,
where a,c € —{0,—1,—2,...}. For a function f € A~ (n), it follows that for A > —1

[e.e]

MNMaye;2)f(2) =2z — Z (k1A + 1)k_1akzk

k=n+1 (Dr—1(a)p—1

is the Cho-Kown-Srivastava integral operator [11]. Further, denote by D* : A(n) — A(n) the
Ruscheweyh derivative of order A defined by [8, 13, 14].

p > z)\—l > A
T 0= IR () e ),

where A > —1. Now, for f € A~ (n) we defined a new operator [4]

DM f(z) =

(g1 AN+ 1)
PRE) = Plac2)f(@)« D =z - Y DOt Diag gy, 0
oy (De-1(@)i
r k
where B(\) = ) —I-(/;;(_k‘ )_ Ik A > —1, z € U. Next, we define the following

Definition 1. Let the function f(z) be of the form (1.2). Then f(z) is said to be in the class
An(m, B,p,q, ) if it satisfies the following criterion

z(JAf(z))/ 1
JAf(2)

1) ()
2 <W —a) -\ e

where\z]<1,0<ﬁ<l,%ép<1,0<q<%p,and%<m<l.

< B, (1.5)

Normalized, univalent analytic functions have been extensively studied by (for example) Aghalary
and Kulkarni [1], Aouf [2], Khairnar and Meena More [6], Juma and Kulkarni [5].

Remark 1. We note that by specializing the parameters m, 3, p,q and A we have the following
subclasses.
(i) If f(2) € Ap(m, B,p,q,\) with a =c=1and A =0 in (1.4), then J*f(z) = f(2).
(77) The class A,(1,1,1,0, ) is the class of starlike functions in U.
(7i7) The class A, (1,1,1,q, ) is the class of starlike functions of order ¢ (0 < ¢ < 1).
(iv) The class A,(1, 53, #, 0, A) is the class studied by Lakshminarasimhan [9].
(v) The class A, (1, 3,p,q,\) is the class studied by S. R Kulkarni [7].

In this paper we shall first deduce a necessary and sufficient condition for a function f(z) to be in
the class A, (m, 3,p,q,\). Then we obtain the distortion and growth theorems, closure theorems,
neighborhood and radii of univalent starlikeness, convexity and close-to-convexity of order ¢ (0 <
< 0 < 1) for this functions.

§ 2. Coeflicient inequality

Theorem 1. Let the function f(z) be of the form (1.2). Then f(z) is in the class A, (m, 3,p,q, \)
if and only if

S [tk 1)1 = mg) = 2pah - P EEIIBE <o) )
k=n+1 - -

wher60<5<1,%<p<1,0<q< <m<1l,ace R—{0,—-1,-2,...}, z € U.

D=

p,

[N
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P r oo f. Suppose that (2.1) holds true. Then we find that

E)

6 _

2(JMf(2))
R Y

2(JAf(2))
(e —a)

o0 A1 A+1)p_1Br (A
=gk — 1)( )k (i)(k:():)k;k( ) 0 2F

2p(1 = )z + 504 [k — 1) — 2p(k — q) LR EDs B g

0 Ar—1(A _1Br (A —
e 37

< y < .
2p(1 = ) = S5 e [mlk — 1) — 2p(k — ) Lt B g o

Choosing values of z on real axis and letting z — 17, we have
(©)k—1(A + 1)p—1Bk(A)
(Dr-1(a)e—1

By hypothesis, thus by maximum modulus theorem, we have

f(z) € An(m, B,p,q; ).
Conversely, assume that f(z) € A, (m,,p,q,\), then from the definition of f(z), we have

AP EY
JAf(2)
2(J f(2)) 2(JNf(2))
WS -0 - mE g - )

<

[(k = 1)(1 —=mpB) — 2pB(k — q)] a, — 2pB(1 — q) <0.

< B,

that is

o0 A)p—1A+1)k_1Br(\
_Zk:n-i-l(k - 1)( )k (i)(kj_l():)kl—lk( )akzk

2p(1 = )z + 35244 [k — 1) — 2p(k — q) LA RE DB g

< B.

By the fact |Re (z)| < |z for all z, we have
o) C)p—1(A1)g—1Br(A —
Re e
o p—1(A — A -
2p(1 = q)z + Y024y [k — 1) = 2p(k — )] Lt OEDs B ) 1)

(M (2))

We choose the values of z on real axis such that is real and upon clearing, the denominator

A f(z)
of the above expression and allowing z — 1~ through real values, we obtain
> 1A+ 1)p_1Bg(A
S (k= 1)1 —mg) — 2t — ) LA D BN g0 ) 0

k=nt1 (Dg—1(a)r—1

Corollary 1. Let the function f(z) of the form (1.2) be in the class A,(m,B3,p,q,\). Then

2pB(1 — q)(Dg-1(a)k—1
[(k = 1)(1 —=mpB) = 2pB(k — )] (c)r—1(A + 1)r—1Br(N)

where 0 < 8 < ,%épgl,quéép,%<m<1,a,cGR—{O,—l,—Z...},zGU.

ag < (k=2n+1, neN),

Remark 2. If f(z) € A,(1,5,p,q, ), then

ar < 2pB(1 — q)(Dg—1(a)r—1
ks [(k—=1)(1—=08)—2pB(k — @))(c)k—1(A+ 1)g—1Br(X)

and equality holds for

(k=n+1,neN)

2pB(1 — ¢)(Di-1(a)k—1 Jk
[(k=1)(1=8) —2pB(k — O)]()k—1(A + 1)1 Be(N) "

() =2-
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Remark 3. If f(z) € 4,(1,5,1,q,\), then

< 28(1 —q)(Dg—1(a)p—1
Ik = 1)1 B) = 28(k — 0)](©k—1(A + D1 Br(N)

and equality holds for

(k>2n+1, neN)

f@) =z~ 26(1 = @) (D-1(a)i1 r
(k=11 = 8) =28k — (1A + Dp1Be(N)

Remark 4. If f(z) € A,(1,1,1,¢, ), then

—(1—q)(Vg-1(a)k—1
(k= @)()r—1(A+ 1)g—1Br(N)

ag < (k>2n+1,neN)

and equality holds for

(1-q@)(Dg—1(a)p1 N
(k=) (1A + Dg—1Br(N) "~

) =2+

§ 3. Distortion theorems

Theorem 2. Let the function f(z) of the form (1.2) be in the class A,(m,B,p,q,\). Then for
|z| =7 < 1, we have

2pB(1 — q)(W)n(a)n
[’I’L(l - mﬁ) - 2]95(71 +1- Q)] c n(/\ + 1)an+1(/\)

2pB(1 — ¢)(Vn(a)n
[n(1 =mpB) = 2pB(n +1 - q)l(c)n(A + L)nBnt1(A)
The result is sharp for the function f(z) given by

2pB(1 — q)(1)n(a)n
(1 —mpB) —2pB(n+1—qg)](c)n(A+ 1)nBni1(N)

r" T f(2)] €

r —

<7‘+ TL+1

r

n+1

)=z~

z

P r oo f. Suppose that f(z) € A,(m,,p,q,\). By the inequality (2.1), since

(©)n(A+ 1)y

Bn—l—l(/\)

is non decreasing and positive for k > n + 1, we have

(1= mB) — oppin+ 1 ) LA Dnp ) S,

(Dn(a)n k ol

o0

< Z [(k—1)(1 —mp) —2pB(k — q)] (g1 A+ 1)k

k=n+1 (Dr—1(a)r—1

Bi(Nap < 2pB(1 - q).
This is equivalent to

- 2pB(1 — q)()n(a)n

k;;lak S (1 —mpB) —2pB(n+1—@(e)n(A+ 1)nBnt1(A)

(3.1)

Using (1.2) and (3.1), we obtain
f(Z) =& Z akzk7
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oo oo
FE =12l — D arlzff=r— Z ar Zr =N a2
k=n+1 k=n+1 k=n+1

2pB(1 — q)(L)n(a)

— n n+1
2 A= mB) 280 1 - QN@u( F UDaBara (V)
Similarly
2pB(1 — q)(1)n(a)n n+1
S S ) = 3980 + 1= QOn O DaBora V)
This completes the proof of Theorem 2. O

Theorem 3. Let the function f(z) of the form (1.2) be in the class A,(m,3,p,q,\). Then for
|z| =7 < 1, we have

2pB(1+n)(1 = @)(Dn(a)n e
(= mB) — 20B(n + 1= D @n(r + DBy < P

2pB(1+n)(1 — q)(L)n(a)n o
(1 —mpB) = 2pB(n+1—@()n(A + 1)nBni1(A)
The result is sharp for the function f(z) given by

2pB(1 +n)(1 = ¢)(Dn(a)n et
[n(1 = mpB) = 2pB(n+ 1= @l()n(A+ 1)nBpya(X) "

1—

<1+

() =2-

Proof. From (1.2) and (3.1) we have f'(z) =1 — > kapz"!
k=n+1

oo oo oo
(O e D N = e S e N D D

)

k=n+1 k=n+1 k=n+1
51— 2pB(1+n)(1 = g)(L)n(a)n o
T (1 =mpB) = 2pBn+1 - @()n(A+ DnBusa(N)
s (1 +m)(1 - )(Da(a)
2pB(1+n)(1 —q)(1)n(a)n n
SN S = mB) — 29800+ 1= @O+ DaBoni )
This completes the proof of Theorem 3. O

§4. Closure theorem

Theorem 4. Let the functions f; (j =1,2,...,s) defined by

2)=z— Z ag ;2" (ap; = 0) (4.1)
k=n+1
are in the class A, (m, B,p,q, ). Then the function h(z) defined by h(z) = > pifi(z) (n; =0) is
j=1
also in the class An(m, B,p,q,\) if > pj = 1.

i=1

Proof We can write

S o
hZ)ZZMj(Z— Z a,;z" Z#ﬂ_z Z pjan 2t =z — Z Z“J“’wz
j=1

k=n+1 =1 k=n+1 k=n+1j=1
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Furthermore, since the functions fj(z) (j = 1,2,...,s) are in the class A,(m,,p,q, A), then from
Theorem 1 we have

% ()p—1 (A + D)p_1Br(\)
> (k= 1)1 —mpB) — 2pB(k — q)] 1 (@r

k=n-+1

k.,j < 2]75(1 - Q)'

Thus it is enough to prove that

Z )L —mp) —2pB(k — )]( 2 (1(;;—1—11 -1 B(A Z”J“kd

s 00 - ) B ()p—1 (A + 1)k—1Bk(/\)a '
Z:: :Z: 1 1 5) QPﬁ(/ﬁ )] (1)k—1(a)k—l k,j <

< Zuﬂpﬁ(l —q) =2pB(1 - q).

J=1

Hence the proof is complete. O

Corollary 2. Let the functions f; (j = 1,2) defined by (4.1) are in the class A, (m,,p,q,\).
Then the function h(z) defined by h(z) = ( —O)f1(z) + Cfa(2), 0 < ¢ < 1, is also in the class

An(m, B,p,q,A).
§ 5. Extreme points

Theorem 5. Let f1(z) = z and
folz) = 2 — 2pB(1 — ¢)(Dr-1(a)r—1 *(k
’ (k= DT = mB) — 2Bk — @)1 A+ Dt B (V)

Then the function f(z) of the form (1.2) is in the class An(m,B,p,q,\) if and only if it can be
expressed in the form

>n+1, neN).

[e.e]

FE) =mh) + Y mfrl2),

k=n+1

o
where p1 20, pp =20, k=>n+1, and py + >, px = 1.
k=n+1

P roof. Assume that f(z) can be expressed in the form f(z) = pi1fi1(2) + > wefr(2),

k=n-+1
N 2pB(1 — ¢)(Ds-1(a)s—1 r
= k:znzﬂ [k = 1)(T = mB) — 208(k — @)@k 1A+ De 1BV ™
Thus
i [(k = 1)1 = mB) — 2pB(k — @) ()e—1 (A + D1 Br(N)
k=n+1 2pB(1 — ¢)(1)g-1(a)k—1
3 208(1 — g) (-1 (@)1
'kZETL;-l [(k—1)(1 —mpB) —2pBk — @)](c)—1 (N + 1)g_1Br(A ,Uk = k%;l,uk =1—p <1

Hence f(z) € An(m,B,p,q,\).
Conversely, assume that f(z) € A, (m,3,p,q,\). Setting
g = [(k — 1)1 —mpB) — 2pB(k — @)()r—1(A + D1 Bw(A) |
* 2p8(1 — q)(Di-1(a)1 *

o0 o0
since g =1— > pg. Thus f(2) = p1fi(z) + > pfr(z). Hence the proof is complete. O
k=n+1 k=n+1
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Corollary 3. The extreme points of the class A,(m,,p,q,\) are the functions f1(z) = z and

205(1 — q)(D1(a)ir -

—1
[(F = 1)1 —mB) — 208k — (Or 1A+ Ve By~ Zntbhned).

fe(z) = 2 =

§ 6. Neighborhood property

The concept of neighborhood of analytic function was first introduced by Goodman [3].
Ruscheweyh [14], Raina and Srivastava [12], Orhan and Kamali [10], Silverman [15] investigated
this concept for the elements of several famous subclass of analytic functions. We define the (n, §)-
neighborhood of a function f(z) € A= (n) by

Nos(f)={9€ A (n):g(2) =2— Z brz" and Z klay — bg| < d}. (6.1)
k=n+1 k=n+1
In particular, for e(z) = z
Nosle)={ge A (n):glz)=2— > bez"and > klbe| <6} (6.2)
k=n+1 k=n+1

Furthermore, a function of the form (1.2) is said to be in the class AZ(m, B,p,q, \) if there exists
a function h(z) € A,(m,B,p,q,\) such that

—j—l‘<1—a (€U, 0< o <1). (6.3)
Theorem 6. If
_ 1)5— n 1)n
(@At Dty 5 DA+ Dn g0 s i1, ne W) (6.4)

(1)k—1(a)k—1 (1)n(a)n

and
2pB(1 = @)(Vn(a)n
[(n)(1 —mp) = 2pB(n+1 - q)](c)n(A + 1)nBrs1(N)’

then Ap(m, B,p,q,\) € Ny 5(e).

)=

Proof. Let f(z) € A,(m,B,p,q,\). Then in view of assertion (2.1) of Theorem 1 and the
condition (6.4), we get

(1= m9) - 2800+ 1 - Q20 e )Y @
n k=n+1

<Y (=10 ) - 2 - ) PSS

k=n+1

Br(Nar < 2pB(1 —q),

which implies
- 2pB(1 — q)(1)n(a)

kzzn:-l-lak < [n(1 = mpB) = 2pB(n+ 1= q)()n(A+ 1)nBns1(A)

(6.5)

Appling assertion (2.1) of Theorem 1 in conjunction with (6.5), we obtain

n(l —mpB) —2pB(n+1— q)]w Byi1(A Z ar < 2pB(1 — q),

(Dn(a)n Rt
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(n+ Dot~ md) - 2800+ 1 - QI )3 o < 208(n +1)(1— g),

k n+1
- 2pB(n+1)(1 — g)(1)n(a)n
kay < = 0.
k:En;H s [(n)(1 —mpB) —2pB(n+1—q)l(c)n(A+ 1)nBpt1(A)
By virtue of (6.1), we have f(z) € Ny, s(e). This completes the proof of Theorem 6. O
Theorem 7. If h(z) € A,(m,B,p,q,\) and
sl 9 (1 —mpB) —2pp(n+1—g)()n(A+1)nBni1(A) (6.6)

(n+1) [n(1 =mpB) = 2pB(n +1 = q)](c)n(A + DnBns1(A) = 2pB(1 = ) ()n(a)n’

then
Nn,é(h) C A;‘L(my 57177 q, )‘)

P roof. Supposethat f € N, s(h), we then find from (1.2) that
> klak — bl <6,
k=n+1
which readily implies the following coefficient inequality
Z lag — by| < (n €N). (6.7)
k=n+1

Next, since h € A, (m, 3,p,q,\) in the view of (6.5), we have

2pB(1 — ¢)(n(a)n
kzr;—l s )1 =mpB) = 2pB(n+1—)(c)n(A+ 1)nBny1(N)

Using (6.7) and (6.8), we get

f(2)

‘ B < ZZO:nH ‘ak - bk’ < 0

h ' SToy® o S 20500 ()
=) Limnr b (n1) (1 - [(n)(l—mﬁ)—zp%mﬂq—q)]<c>n<A+1>an+1(A))

<

< 0 < [n(l — mﬂ) — 2pﬂ(n +1-— Q)](C)n()‘ + 1)an+l()‘) >
S (n+1) \[n(1 =mB) = 2pB(n+1 - @)l()n (A + 1)nBpy1(A) = 2pB(1 — q)(1)n(a)n
provided that o is given by (6.6), thus by condition (6.3), f € A%(m, 3,p,q, A). O

=1-o,

§ 7. Radii of starlikeness, convexity and close-to-convexity
Theorem 8. Let the function f(z) of the form (1.2) be in the class A,(m,3,p,q,\). Then f is
univalent starlike of order § (0 <0 < 1) in |z| < r1, where

1

{ (1 =9)[(k = 1)1 = mpB) = 2pB(k — @)](c)k—1 (A + 1)—1Bx(N) }m
2pB(1 — q)(k = 0)(1)k—1(a)k—1 '

The result is sharp for the function f(z) given by

2pB(1 = @) (Dir-1(a)r—1
[(k =1 =mp) = 2pp(k — )l()r—1(A + Di-1Br(N)

ry = inf
k

fu(2) = 2 =

(k=2n+1,neN).
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2f'(z)
P r o o f. It suffices to show that O 1] <1-4, |z| < ry. We have
SIS IR V] e
f(z) 1= anzt! =30 paklzf

To prove the theorem, we must show that

Zi‘;nﬂ(k — Dag|z[F

<1-0.
1= R akl2*!
It is equivalent to
o
> (k=8 <14
k=n+1

Using Theorem 1, we obtain

1

2] < { (1 =9)[(k = 1)1 =mpB) — 2pB(k — @)](c)k—1 (A + 1)1 Bx(N) }ﬁ
h 2pB(1 — q)(k = 0)(1)k—1(a)k—1 '

Hence the proof is complete. O

Theorem 9. Let the function f(z) of the form (1.2) be in the class A,(m,,p,q,\). Then f is
univalent convez of order 6 (0 < 0 < 1) in |z| < ra, where

1

ry — inf { (1 —9)[(k —1)(1 —mpB) —2pB(k — @)](c)k—1(A + L)p—1Bk(}) }m
k 2pBk(1 — q)(k — 6)(1)k-1(a)k-1 '

The result is sharp for the function f(z) given by

2pB(1 — q)(Vg-1(a)k—1

z) =2z— kzn+1, neN). (7.1
&) =2 = DT )~ 2080k~ O O F DBy T
P r oo f. It suffices to show that Z]{,,ES) <1—9, |z] < re. We have

2f"(2)| | =g ke = Dag2" 1 3 4 Rk — Dag|2M!
f'(z) 1=y karzh ! L= 3R kaglz[*!

To prove the theorem, we must show that

> it (k= Dag|2[*!

<1-0.
L= 3R kg2

It is equivalent to
o0
Z k(k — 8)ag|z[F1 <1 —4.
k=n+1
Using Theorem 1, we obtain

21 < { (1—=0)[(k—1)(1 —=mp) —2pB(k — q)l(c)p—1(A + 1)g_1Br(\) }
h 2pBk(1 — q)(k — 8)(1)k-1(a)k-1 ’

< { (1= 8)[(k = 1)(1 = mB) = 2pB(k — )(er—1 (A + L1 BeN) }m
S 2pBk(1 — q)(k — ) (D1 (@)1 |

Hence the proof is complete. O
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Theorem 10. Let the function f(z) of the form (1.2) be in the class An(m,B,p,q,\). Then f is
univalent close-to-convex of order 6 (0 < d < 1) in |z| < rs, where

1

rs = lnf { (1= 8)[(k — 1)(1 = mB) — 2pBk — ))()p—1(A + D)s_1B(N) }—
’ 2081 — @) (Vs 11 -

The result is sharp for the function f(z) given by (7.1).

P r oo f. It suffices to show that |f'(z) — 1| <1 -4, |2| < r3. We have

() =1 == Y ka7 <D0 kagle

k=n+1 k=n+1
Thus |f/(2) — 1] <1 -4, if
> kay,
E —\z]k_l <1
1-9
k=n+1

Using Theorem 1, the above inequality holds true if

2F1 < { (1=0)[(k =11 —=mp) —2pB(k — @)](c)p—1 (X + 1)1 Br(N) }
h 2pBk(1 — q)(Vk-1(a)k—1

or
1

2] < { (1—=0)[(k—1)(1 —mpB) —2pB(k — ¢)](c)p—1(A + 1)g_1Br()\) }’”
h 2pBk(1 — q)(1)p—1(a)r—1 '

Hence the proof is complete. O
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A.P. C. Hotcyma, M. III. Ab6dyn-Xyccelin, M. ®. Xaru

006 ogHOM moAKJIacce OJHOJIMCTHBIX (DYHKITUI C OTpHUITaTeIbHBIMU K03(d pummeHTaMn, 3aJaHHOM
JIMHEHAHBIM OIIEPATOPOM

Karouesoie caosa: aHaIuTHYIECKUe OHOJUCTHBIE (DYHKIWMN, TpOU3BeaeHne A aMapa, mpousBoaaas Pytesest,
TEOPEeMbl UCKAXKEHUsl, TEOPEMBbL O 3aMbIKAHUU.

VIK 517.53

B pabore BBOomuTcs u ucciaemyerca noxaksiace Ay (m,S,p,q,\) omHoaucTHBIX (BYHKIMHA C OTPULATEIHHbI-
Mu K03 ummenTaM, ONpeeNaeMbIii HOBBIM JTHHEHHBIM OMepaTopoM J» B OTKDBITOM €IMHHTHOM KpyTe
U ={z e C: |z|] < 1}. Ocuosuoil 3a1a4eil ABIAETCH U3yUCHHE CJAEAYIOUMX CBOMCTB M XAPAKTEPUCTUK:
oueHkr KOI(DDUIMEHTOB, TEOPEMbl UCKAXKEHUS, TEOPEMbl O 3aMbIKAHUM, OKPECTHOCTb (DYHKUMH, PAJUyChl
3B€31000Pa3HOCTH, BBIIYKJIOCTU U [OYTH BBLUIYK/IOCTH DyHKUIM, npunaiexkamux kiuaccy A, (m, 8, p, ¢, A).
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