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1

Èññëåäîâàíî ñâîéñòâî ðàâíîìåðíîé ïîëíîé óïðàâëÿåìîñòè (ïî Êàëìàíó) ëèíåéíîé óïðàâëÿåìîé ñèñòå-

ìû ñ äèñêðåòíûì âðåìåíåì

x(t+ 1) = A(t)x(t) +B(t)u(t), t ∈ N0, (x, u) ∈ R
n × R

m. (1)

Óñòàíîâëåíî, ÷òî åñëè ñèñòåìà (1) ðàâíîìåðíî âïîëíå óïðàâëÿåìà, òî ìàòðèöà A(·) âïîëíå îãðàíè÷åíà
íà N0 (ò. å. supt∈N0

(|A(t)|+ |A−1(t)|) < +∞), à ìàòðèöà B(·) îãðàíè÷åíà íà N0. Äîêàçàíî, ÷òî ñèñòåìà (1)

ðàâíîìåðíî âïîëíå óïðàâëÿåìà òîãäà è òîëüêî òîãäà, êîãäà ïðè íåêîòîðîì ϑ ∈ N ïðè âñåõ τ ∈ N0 äëÿ

ìàòðèö

W1(t, τ)
.
=

t−1∑

s=τ

X(t, s+ 1)B(s)B∗(s)X∗(t, s+ 1), W2(t, τ)
.
=

t−1∑

s=τ

X(τ, s+ 1)B(s)B∗(s)X∗(τ, s+ 1)

âûïîëíåíû íåðàâåíñòâà α1I 6 W1(τ + ϑ, τ) 6 β1I, α2I 6 W2(τ + ϑ, τ) 6 β2I ñ íåêîòîðûìè ïîëîæèòåëü-
íûìè αi è βi. Íà îñíîâàíèè ýòîãî óòâåðæäåíèÿ äîêàçàí êðèòåðèé ðàâíîìåðíîé ïîëíîé óïðàâëÿåìîñòè

ñèñòåìû (1), àíàëîãè÷íûé êðèòåðèþ Òîíêîâà ðàâíîìåðíîé ïîëíîé óïðàâëÿåìîñòè ñèñòåì ñ íåïðåðûâ-

íûì âðåìåíåì: ñèñòåìà (1) ϑ-ðàâíîìåðíî âïîëíå óïðàâëÿåìà òîãäà è òîëüêî òîãäà, êîãäà ìàòðèöà A(·)
âïîëíå îãðàíè÷åíà íà N0; ìàòðèöà B(·) îãðàíè÷åíà íà N0; ñóùåñòâóåò ÷èñëî ℓ = ℓ(ϑ) > 0 òàêîå, ÷òî äëÿ
ëþáîãî τ ∈ N0 è äëÿ ëþáîãî x1 ∈ R

n
ñóùåñòâóåò óïðàâëåíèå u(t), t ∈ [τ, τ +ϑ), êîòîðîå ïåðåâîäèò ðåøå-

íèå ñèñòåìû (1) èç òî÷êè x(τ) = 0 â òî÷êó x(τ +ϑ) = x1, ïðè ýòîì âûïîëíåíî íåðàâåíñòâî |u(t)| 6 ℓ|x1|,
t ∈ [τ, τ + ϑ).

Êëþ÷åâûå ñëîâà: ëèíåéíàÿ óïðàâëÿåìàÿ ñèñòåìà, äèñêðåòíîå âðåìÿ, ðàâíîìåðíàÿ ïîëíàÿ óïðàâëÿå-

ìîñòü.

Ïóñòü R
n
� åâêëèäîâî ïðîñòðàíñòâî ðàçìåðíîñòè n ñ íîðìîé |x| =

√
x∗x (çâåçäî÷êà îçíà-

÷àåò îïåðàöèþ òðàíñïîíèðîâàíèÿ); e1, . . . , en � êàíîíè÷åñêèé îðòîíîðìèðîâàííûé áàçèñ â R
n
;

N � ìíîæåñòâî íàòóðàëüíûõ ÷èñåë, N0 = {0, 1, 2, . . .} � ìíîæåñòâî öåëûõ íåîòðèöàòåëüíûõ ÷è-

ñåë; ïîä ïðîìåæóòêîì [t0, t1), ãäå t0, t1 ∈ N0, t0 < t1, áóäåì ïîíèìàòü ìíîæåñòâî öåëî÷èñëåííûõ

òî÷åê t0, t0 + 1, . . . , t1 − 1 (ñîîòâåòñòâåííî [t0,+∞) = {t0, t0 + 1, . . .}); Mn,m � ïðîñòðàíñòâî âå-

ùåñòâåííûõ n×m-ìàòðèö (åñëè m = n, òî ïèøåì Mn) ñî ñïåêòðàëüíîé íîðìîé |A| = max
|x|=1

|Ax|;
I = [e1, . . . , en] ∈ Mn � åäèíè÷íàÿ ìàòðèöà; SpA� ñëåä êâàäðàòíîé ìàòðèöû A. Êâàäðàòè÷íóþ
�îðìó V (x) = x∗Qx, x ∈ R

n
, îòîæäåñòâëÿåì ñ ñèììåòðè÷åñêîé ìàòðèöåé Q = Q∗ ∈ Mn, åå çà-

äàþùåé. Íåðàâåíñòâà Q > (>, <,6)P äëÿ ñèììåòðè÷åñêèõ ìàòðèö Q,P ïîíèìàþòñÿ â ñìûñëå

êâàäðàòè÷íûõ �îðì. Çàïèñè b := a è a = :b îçíà÷àþò, ÷òî ýëåìåíòó b ïðèñâàèâàåòñÿ çíà÷åíèå a.
Ïðèâåäåì íåêîòîðûå ñâåäåíèÿ èç òåîðèè ëèíåéíûõ ñèñòåì ñ äèñêðåòíûì âðåìåíåì (ñì., íà-

ïðèìåð, [1℄).

�àññìîòðèì ñíà÷àëà ëèíåéíóþ îäíîðîäíóþ ñèñòåìó óðàâíåíèé

x(t+ 1) = A(t)x(t), t ∈ N0, x ∈ R
n. (1)

Äëÿ ïðîèçâîëüíûõ t, τ ∈ N0, t > τ , îïðåäåëèì ìàòðèöó

X(t, τ) =

{
A(t− 1) · . . . ·A(τ) ïðè t > τ,
I ïðè t = τ.

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ (ãðàíò 12�01�00195) è Ìèíîáðíàóêè �Ô â ðàìêàõ

áàçîâîé ÷àñòè.
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Îíà ÿâëÿåòñÿ ðåøåíèåì ìàòðè÷íîé çàäà÷è Êîøè

X(t+ 1) = A(t)X(t), X(τ) = I,

è óäîâëåòâîðÿåò óñëîâèþ X(t, τ)X(τ, s) = X(t, s) äëÿ ëþáûõ t > τ > s; t, τ, s ∈ N0. Ìàòðèöà

X(t, τ) íàçûâàåòñÿ ìàòðèöåé Êîøè ñèñòåìû (1). Äëÿ ïðîèçâîëüíîãî ðåøåíèÿ x(·) ñèñòåìû (1)

è ëþáûõ öåëûõ t > τ > 0 èìååò ìåñòî ðàâåíñòâî

x(t) = X(t, τ)x(τ). (2)

Ïðåäïîëîæèì äîïîëíèòåëüíî, ÷òî detA(t) 6= 0 äëÿ âñåõ t ∈ N0. Òîãäà ïðè âñÿêèõ t > τ > 0
ìàòðèöà X(t, τ) îáðàòèìà. Ïîëîæèì

X(τ, t) := X−1(t, τ), t > τ > 0.

Èç (2) ïîëó÷àåì

x(τ) = X−1(t, τ)x(t) = X(τ, t)x(t), t > τ > 0.

Èòàê, â ñëó÷àå îáðàòèìîñòè ìàòðèöû A(·) ðàâåíñòâî (2) ñïðàâåäëèâî ïðè âñåõ t, τ ∈ N0.

Òåïåðü ðàññìîòðèì ëèíåéíóþ íåîäíîðîäíóþ ñèñòåìó

x(t+ 1) = A(t)x(t) + f(t), t ∈ N0, x ∈ R
n.

Äëÿ ïðîèçâîëüíîãî ðåøåíèÿ ýòîé ñèñòåìû ñïðàâåäëèâà �îðìóëà Êîøè [1, ñ. 20℄

x(t) = X(t, t0)x(t0) +

t−1∑

s=t0

X(t, s + 1)f(s), t > t0 > 0. (3)

�àññìîòðèì ëèíåéíóþ íåñòàöèîíàðíóþ óïðàâëÿåìóþ ñèñòåìó ñ äèñêðåòíûì âðåìåíåì

x(t+ 1) = A(t)x(t) +B(t)u(t), t ∈ N0, (x, u) ∈ R
n × R

m. (4)

Ïóñòü X(t, τ), t > τ , t, τ ∈ N0 � ýòî ìàòðèöà Êîøè ñîîòâåòñòâóþùåé ñâîáîäíîé ñèñòåìû (1),

òî åñòü ñèñòåìû (4) ñ u(t) = 0, t ∈ N0. Ïîñòðîèì ïðè t > τ ìàòðèöó

W1(t, τ) =

t−1∑

s=τ

X(t, s + 1)B(s)B∗(s)X∗(t, s+ 1). (5)

Çàìåòèì, ÷òî

W1(t, τ) = W ∗
1 (t, τ), W1(t, τ) > 0, t > τ, t, τ ∈ N0. (6)

Îïðåäåëåíèå 1 (ñì. [2, ñ. 70, 524℄, [1, ñ. 217℄). Ñèñòåìà (4) íàçûâàåòñÿ âïîëíå óïðàâëÿåìîé

íà ïðîìåæóòêå [τ, τ+ϑ), τ ∈ N0, ϑ ∈ N, åñëè äëÿ ëþáûõ x0, x1 ∈ R
n
ñóùåñòâóåò óïðàâëåíèå u(t),

t ∈ [τ, τ +ϑ), êîòîðîå ïåðåâîäèò ðåøåíèå ñèñòåìû (4) èç òî÷êè x(τ) = x0 â òî÷êó x(τ +ϑ) = x1.

Â îïðåäåëåíèè 1 áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî x0 = 0 [1, ñ. 218℄. Çàìåòèì,
÷òî èç ïîëíîé óïðàâëÿåìîñòè ñèñòåìû (4) íà [τ, τ + ϑ), â îòëè÷èå îò óïðàâëÿåìûõ ñèñòåì

ñ íåïðåðûâíûì âðåìåíåì

ẋ = A(t)x+B(t)u, t ∈ R+, (x, u) ∈ R
n × R

m,

âîîáùå ãîâîðÿ, íå ñëåäóåò ïîëíàÿ óïðàâëÿåìîñòü íà [τ, τ+ϑ1), ãäå ϑ1 > ϑ; ñì. ïðèìåð 1 (îäíàêî
åñëè ïîëíàÿ óïðàâëÿåìîñòü ðàâíîìåðíàÿ, òî ñëåäóåò: ñì. äàëåå ïðåäëîæåíèå 5 è ñëåäñòâèå 1).

Ïðèìåð 1. n = m = 1, τ = 0, ϑ = 1, ϑ1 = 2, A(t) ≡ 0, B(0) = 1, B(1) = 0.
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Îòìåòèì òàêæå, ÷òî ñâîéñòâî ïîëíîé óïðàâëÿåìîñòè ñèñòåìû (4) íà [τ, τ + ϑ) (â îòëè÷èå

îò ñâîéñòâà ðàâíîìåðíîé ïîëíîé óïðàâëÿåìîñòè, ñì. äàëåå) íå âëå÷åò íåâûðîæäåííîñòü ìàò-

ðèöû A(t); ñì. ïðèìåð 1.

Òåîðåìà 1 (ñì. [2, òåîðåìà 6.7℄, [1, òåîðåìà 16.1℄). Ñèñòåìà (4) âïîëíå óïðàâëÿåìà íà ïðî-

ìåæóòêå [τ, τ + ϑ) òîãäà è òîëüêî òîãäà, êîãäà ìàòðèöà W1(τ + ϑ, τ) íåâûðîæäåííà.

Óñëîâèå íåâûðîæäåííîñòè ìàòðèöû W1(τ + ϑ, τ) ýêâèâàëåíòíî åå ïîëîæèòåëüíîé îïðåäå-

ëåííîñòè â ñèëó (6).

Îïðåäåëåíèå 2 (ñì. [2, ñ. 525℄). Ñèñòåìà (4) íàçûâàåòñÿ ϑ-ðàâíîìåðíî âïîëíå óïðàâëÿåìîé
(ϑ ∈ N), åñëè ñóùåñòâóþò αi = αi(ϑ) > 0, i = 1, 2, 3, 4, òàêèå, ÷òî äëÿ âñåõ τ ∈ N0 âûïîëíåíû

íåðàâåíñòâà

W1(τ + ϑ, τ) > 0,

0 < α1I 6 W−1
1

(τ + ϑ, τ) 6 α2I,

0 < α3I 6 X∗(τ + ϑ, τ)W−1
1

(τ + ϑ, τ)X(τ + ϑ, τ) 6 α4I. (7)

Ñèñòåìà (4) íàçûâàåòñÿ ðàâíîìåðíî âïîëíå óïðàâëÿåìîé, åñëè ñóùåñòâóåò ϑ > 0 òàêîå, ÷òî

ñèñòåìà (4) ϑ-ðàâíîìåðíî âïîëíå óïðàâëÿåìàÿ.

Îïðåäåëåíèå 2 ðàâíîìåðíîé ïîëíîé óïðàâëÿåìîñòè ñèñòåìû (4) âîñõîäèò ê îïðåäåëåíèþ

Êàëìàíà [3℄, ñ�îðìóëèðîâàííîìó èì äëÿ ñèñòåì ñ íåïðåðûâíûì âðåìåíåì. Îòìåòèì, ÷òî

â îïðåäåëåíèè 2, âîîáùå ãîâîðÿ, íå òðåáóåòñÿ îáðàòèìîñòü ìàòðèöû A(·). Â äåéñòâèòåëüíî-

ñòè åå îáðàòèìîñòü ñ íåîáõîäèìîñòüþ âûòåêàåò èç îïðåäåëåíèÿ 2.

Ïðåäëîæåíèå 1. Åñëè ñèñòåìà (4) ðàâíîìåðíî âïîëíå óïðàâëÿåìà, òî ìàòðèöà A(t) îá-
ðàòèìà ïðè âñåõ t ∈ N0.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïðåäïîëîæèì ïðîòèâíîå, ïóñòü detA(τ) = 0 ïðè íåêîòîðîì öå-

ëîì íåîòðèöàòåëüíîì τ . Òîãäà detX(τ + ϑ, τ) = 0. Ñëåäîâàòåëüíî, ñóùåñòâóåò âåêòîð z0 ∈ R
n
,

|z0| = 1, òàêîé, ÷òî X(τ + ϑ, τ)z0 = 0 ∈ R
n. Òîãäà èç (7) ïîëó÷èì

0 < α3 = α3z
∗
0z0 6 z∗0X

∗(τ + ϑ, τ)W−1
1

(τ + ϑ, τ)X(τ + ϑ, τ)z0 = 0.

Ïîëó÷åííîå ïðîòèâîðå÷èå äîêàçûâàåò ïðåäëîæåíèå. �

Ïðåäïîëîæèì, ÷òî ñèñòåìà (4) ðàâíîìåðíî âïîëíå óïðàâëÿåìà. Òîãäà A(t) îáðàòèìà ïðè

âñåõ t ∈ N0, ïîýòîìó ìàòðèöà Êîøè X(t, τ) îïðåäåëåíà äëÿ âñåõ t, τ ∈ N0. Ïîñòðîèì ìàòðèöó

W2(t, τ) =

t−1∑

s=τ

X(τ, s + 1)B(s)B∗(s)X∗(τ, s+ 1) t > τ, t, τ ∈ N0. (8)

Çàìåòèì, ÷òî W2(t, τ) ñèììåòðè÷åñêàÿ íåîòðèöàòåëüíî îïðåäåëåííàÿ è ìàòðèöû (5) è (8) ñâÿ-

çàíû ðàâåíñòâîì

W1(t, τ) = X(t, τ)W2(t, τ)X
∗(t, τ), t > τ, t, τ ∈ N0.

Íèæå áóäóò ïîëó÷åíû ðàçëè÷íûå íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ðàâíîìåðíîé ïîëíîé

óïðàâëÿåìîñòè ñèñòåìû (4). Äëÿ èõ äîêàçàòåëüñòâà ìû âîñïîëüçóåìñÿ ñëåäóþùèìè ëåììàìè.

Ëåììà 1. Ïóñòü W ∈ Mn � ñèììåòðè÷åñêàÿ ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà

è 0 < µ1I 6 W 6 µ2I. Òîãäà W−1 ∈ Mn òàêæå ñèììåòðè÷åñêàÿ ïîëîæèòåëüíî îïðåäåëåííàÿ

ìàòðèöà è

0 < µ−1
2

I 6 W−1
6 µ−1

1
I. (9)
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Ä î ê à ç à ò å ë ü ñ ò â î. Åñëè W ñèììåòðè÷åñêàÿ ïîëîæèòåëüíî îïðåäåëåííàÿ, òî ìàò-

ðèöà W−1
òàêæå ñèììåòðè÷åñêàÿ [4, ñ. 203℄ è ïîëîæèòåëüíî îïðåäåëåííàÿ [4, ñ. 471℄. Ïóñòü

λn > . . . > λ1 � ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû W . Òàê êàê W > µ1I, òî (W − µ1I) > 0.
Îòñþäà ñëåäóåò [4, ñ. 478℄, ÷òî ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû W − µ1I íåîòðèöàòåëüíû. Ìàò-

ðèöà W − µ1I èìååò ñîáñòâåííûå çíà÷åíèÿ λn − µ1 > . . . > λ1 − µ1. Ñëåäîâàòåëüíî, λ1 > µ1.

Àíàëîãè÷íî äîêàçûâàåòñÿ íåðàâåíñòâî µ2 > λn. Òîãäà èìåþò ìåñòî íåðàâåíñòâà

0 < µ−1
2

6 λ−1
n 6 . . . 6 λ−1

1
6 µ−1

1
. (10)

×èñëà λ−1
n 6 . . . 6 λ−1

1
ÿâëÿþòñÿ ñîáñòâåííûìè çíà÷åíèÿìè ìàòðèöû W−1

(ýòî âûòåêàåò,

íàïðèìåð, èç [5, òåîðåìà 5.3.4℄). �àññóæäåíèÿ, àíàëîãè÷íûå âûøåèçëîæåííûì, ïðîâåäåííûå

â îáðàòíîì ïîðÿäêå, ïîêàçûâàþò, ÷òî íåðàâåíñòâà (10) ðàâíîñèëüíû íåðàâåíñòâàì (9). �

Ëåììà 2. Ïóñòü W � ñèììåòðè÷åñêàÿ íåîòðèöàòåëüíî îïðåäåëåííàÿ ìàòðèöà. Òîãäà

íåðàâåíñòâî |W | 6 α ðàâíîñèëüíî íåðàâåíñòâó W 6 αI.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü |W | 6 α. Òîãäà

0 6 x∗Wx = |x∗Wx| 6 |x∗| · |W | · |x| 6 α|x∗| · |x| = x∗(αI)x.

Ñëåäîâàòåëüíî, W 6 αI.
Îáðàòíî. Ïóñòü W 6 αI. Â ñèëó òåîðåìû î ñïåêòðàëüíîì ðàçëîæåíèè [4, ñ. 205℄ ñóùåñòâóåò

îðòîãîíàëüíàÿ ìàòðèöà S òàêàÿ, ÷òî W = S∗DS, ãäå D = diag{λ1, . . . , λn}, λ1 6 . . . 6 λn �

ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû W . Äîêàæåì, ÷òî

λn 6 α. (11)

Äåéñòâèòåëüíî, ïðåäïîëîæèì, ÷òî λn > α. �àññìîòðèì âåêòîð x0 = S∗en. Ïîñêîëüêó |en| = 1
è ìàòðèöà S îðòîãîíàëüíàÿ, òî |x0| = 1. Èìååì

x∗0Wx0 = e∗nSS
∗DSS∗en = e∗nDen = λn > α = x∗0(αI)x0.

Ýòî ïðîòèâîðå÷èò íåðàâåíñòâó W 6 αI.
Òàê êàê W ∗W = W 2

, òî ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû W ∗W � ýòî ÷èñëà λ2
1 6 . . . 6 λ2

n.

Â ñèëó ñâîéñòâ ñïåêòðàëüíîé íîðìû [4, ñ. 357, 376℄ |W | ñîâïàäàåò ñ êîðíåì èç íàèáîëüøåãî

ñîáñòâåííîãî çíà÷åíèÿ ìàòðèöû W ∗W . Ñëåäîâàòåëüíî, |W | = λn. C ó÷åòîì íåðàâåíñòâà (11)

ïîëó÷àåì òðåáóåìîå íåðàâåíñòâî |W | 6 α. �

Òåîðåìà 2. Ñèñòåìà (4) ϑ-ðàâíîìåðíî âïîëíå óïðàâëÿåìà òîãäà è òîëüêî òîãäà, êîãäà

ñóùåñòâóþò αi = αi(ϑ) > 0, i = 5, 6, 7, 8, òàêèå, ÷òî äëÿ âñåõ τ ∈ N0 âûïîëíåíû íåðàâåíñòâà

0 < α5I 6 W1(τ + ϑ, τ) 6 α6I, (12)

0 < α7I 6 W2(τ + ϑ, τ) 6 α8I. (13)

Ä î ê à ç à ò å ë ü ñ ò â î â îáå ñòîðîíû âûòåêàåò èç ëåììû 1, åñëè ïîëîæèòü α5 = α−1
2
,

α6 = α−1
1
, α7 = α−1

4
, α8 = α−1

3
, ïîñêîëüêó

(W2(τ + ϑ, τ))−1 = X∗(τ + ϑ, τ)W−1
1

(τ + ϑ, τ)X(τ + ϑ, τ).

�

Ïðåäëîæåíèå 2. Ïóñòü ñèñòåìà (4) ϑ-ðàâíîìåðíî âïîëíå óïðàâëÿåìà. Òîãäà ñóùåñòâóþò
÷èñëà δi = δi(ϑ) > 0, i = 1, 2, òàêèå, ÷òî äëÿ âñåõ τ ∈ N0 âûïîëíåíû íåðàâåíñòâà

|X(τ + ϑ, τ)| 6 δ1,

|X(τ, τ + ϑ)| 6 δ2.
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Ä î ê à ç à ò å ë ü ñ ò â î. Ïî òåîðåìå 2, äëÿ âñåõ τ ∈ N0 âûïîëíåíû íåðàâåíñòâà (12), (13).

Âîçüìåì ïðîèçâîëüíîå τ ∈ N0. Â ñèëó [4, òåîðåìà 7.2.7, ñ. 482℄ ñóùåñòâóåò ìàòðèöà Γ = Γ(τ),
Γ∗ = Γ, Γ > 0, òàêàÿ, ÷òî W2(τ + ϑ, τ) = ΓΓ∗

(à èìåííî, Γ(τ) = (W2(τ + ϑ, τ))1/2). Èç ñâîéñòâ
ñèììåòðè÷åñêèõ ìàòðèö, íåðàâåíñòâ (13) è ëåìì 1, 2 ïîëó÷àåì îöåíêè

√
α7I 6 Γ 6

√
α8I, |Γ| 6 √

α8, (14)

1√
α8

I 6 Γ−1
6

1√
α7

I, |Γ−1| 6 1√
α7

. (15)

Çàìåòèì, ÷òî W1(τ + ϑ, τ) = X(τ + ϑ, τ)ΓΓ∗X∗(τ + ϑ, τ). Ïóñòü λn � íàèáîëüøåå ñîáñòâåííîå

çíà÷åíèå ìàòðèöû W1(τ + ϑ, τ). Èç íåðàâåíñòâ (12) ïîëó÷àåì λn 6 α6. Äàëåå, â ñèëó ñâîéñòâ

ñïåêòðàëüíîé íîðìû, èìååì ðàâåíñòâà |X(τ+ϑ, τ)Γ| = |(X(τ+ϑ, τ)Γ)∗| =
√
λn. Ñëåäîâàòåëüíî,

|X(τ + ϑ, τ)| = |X(τ + ϑ, τ)ΓΓ−1| 6 |X(τ + ϑ, τ)Γ||Γ−1| 6
√
λn√
α7

6

√
α6√
α7

= :δ1.

Ïðåäñòàâèì ìàòðèöó W1(τ + ϑ, τ) â âèäå W1(τ + ϑ, τ) = FF ∗
, ãäå F := (W1(τ + ϑ, τ))1/2 �

ñèììåòðè÷åñêàÿ ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà. Èç ñâîéñòâ ñèììåòðè÷åñêèõ ìàòðèö,

íåðàâåíñòâ (12) è ëåìì 1, 2 ïîëó÷àåì îöåíêè

√
α5I 6 F 6

√
α6I, |F | 6 √

α6, (16)

1√
α6

I 6 F−1
6

1√
α5

I, |F−1| 6 1√
α5

. (17)

Èìååì W2(τ + ϑ, τ) = X(τ, τ + ϑ)FF ∗X∗(τ, τ + ϑ). Ïóñòü µn � íàèáîëüøåå ñîáñòâåííîå çíà÷å-

íèå ìàòðèöû W2(τ + ϑ, τ). Òîãäà èç (13) ïîëó÷àåì íåðàâåíñòâî µn 6 α8. Èñïîëüçóÿ ñâîéñòâà

ñïåêòðàëüíîé íîðìû, ïîëó÷àåì |X(τ, τ + ϑ)F | = |(X(τ, τ + ϑ)F )∗| = √
µn. Ñëåäîâàòåëüíî,

|X(τ, τ + ϑ)| 6 |X(τ, τ + ϑ)F ||F−1| 6
√
α8√
α5

= :δ2.

Îöåíêè (14)�(17) ÿâëÿþòñÿ ðàâíîìåðíûìè (ïî τ ∈ N0), ïîýòîìó êîíñòàíòû δ1, δ2 íå çàâèñÿò îò
τ ∈ N0. Ïðåäëîæåíèå äîêàçàíî. �

Ïðåäëîæåíèå 3. Ïóñòü ñèñòåìà (4) ϑ-ðàâíîìåðíî âïîëíå óïðàâëÿåìà. Òîãäà ñóùåñòâóþò
bi = bi(ϑ) > 0, i = 1, 2, òàêèå, ÷òî äëÿ ëþáîãî τ ∈ N0 è äëÿ ëþáîãî t ∈ [τ, τ + ϑ) âûïîëíåíû
íåðàâåíñòâà

|X(τ + ϑ, t+ 1)B(t)| 6 b1, (18)

|X(τ, t+ 1)B(t)| 6 b2. (19)

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü ñèñòåìà (4) ϑ-ðàâíîìåðíî âïîëíå óïðàâëÿåìà. Ñëåäîâà-

òåëüíî, èìåþò ìåñòî íåðàâåíñòâà (12), (13) äëÿ íåêîòîðûõ αi, i = 5, 6, 7, 8. Çà�èêñèðóåì ïðî-

èçâîëüíîå τ ∈ N0 è ëþáîå t ∈ [τ, τ + ϑ). Ïîëîæèì

Q := X(τ + ϑ, t+ 1)B(t)B∗(t)X∗(τ + ϑ, t+ 1),

P := X(τ, t+ 1)B(t)B∗(t)X∗(τ, t+ 1).

Òîãäà, â ñèëó îïðåäåëåíèé (5), (8) ìàòðèö W1(t, τ), W2(t, τ), âûïîëíåíû íåðàâåíñòâà

Q 6 W1(τ + ϑ, τ), P 6 W2(τ + ϑ, τ).

Îòñþäà è èç íåðàâåíñòâ (12), (13) ñëåäóåò, ÷òî íàèáîëüøèå ñîáñòâåííûå çíà÷åíèÿ λn(P ) è λn(Q)
ìàòðèö P è Q ñîîòâåòñòâåííî óäîâëåòâîðÿþò íåðàâåíñòâàì λn(P ) 6 α6, λn(Q) 6 α8. Â ñèëó

ñâîéñòâ ñïåêòðàëüíîé íîðìû ïîëó÷àåì íåðàâåíñòâà

|X(τ + ϑ, t+ 1)B(t)| =
√

λn(P ) 6
√
α6 = :b1,

|X(τ, t+ 1)B(t)| =
√

λn(Q) 6
√
α8 = :b2.

Ïðåäëîæåíèå äîêàçàíî. �



58 Â.À. Çàéöåâ, Ñ.Í. Ïîïîâà, Å.Ë. Òîíêîâ

ÌÀÒÅÌÀÒÈÊÀ 2014. Âûï. 4

Ïðåäëîæåíèå 4. Åñëè ñèñòåìà (4) ðàâíîìåðíî âïîëíå óïðàâëÿåìà, òî

sup
t∈N0

|B(t)| 6 b < +∞. (20)

Ä î ê à ç à ò å ë ü ñ ò â î. Âûáåðåì ëþáîå τ ∈ N0 è ïîëîæèì t = τ+ϑ−1 â íåðàâåíñòâå (18).
Ïîëó÷èì, ÷òî |B(τ +ϑ− 1)| 6 b1 äëÿ ëþáîãî τ ∈ N0, ñëåäîâàòåëüíî, sup

t>ϑ−1

|B(t)| 6 b1. Ïîëîæèì

b3 := max
06t<ϑ−1

|B(t)|. Òîãäà b := max{b1, b3} îáåñïå÷èâàåò íåðàâåíñòâî (20). �

Ïðåäëîæåíèå 5. Ïóñòü ñèñòåìà (4) ϑ-ðàâíîìåðíî âïîëíå óïðàâëÿåìà. Òîãäà ñèñòåìà (4)

(ϑ+ 1)-ðàâíîìåðíî âïîëíå óïðàâëÿåìà.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïîêàæåì, ÷òî äëÿ ìàòðèö W1(τ+ϑ+1, τ), W2(τ+ϑ+1, τ) âûïîë-
íåíû íåðàâåíñòâà, àíàëîãè÷íûå (12), (13), ðàâíîìåðíî äëÿ âñåõ τ ∈ N0. Â ñèëó îïðåäåëåíèÿ (5)

ìàòðèöû W1(t, τ) èìååì ðàâåíñòâà

W1(τ + ϑ+ 1, τ) =

τ+ϑ∑

s=τ

X(τ + ϑ+ 1, s+ 1)B(s)B∗(s)X∗(τ + ϑ+ 1, s + 1) =

=

τ+ϑ∑

s=τ+1

X(τ + ϑ+ 1, s+ 1)B(s)B∗(s)X∗(τ + ϑ+ 1, s+ 1) +

+X(τ + ϑ+ 1, τ + 1)B(τ)B∗(τ)X∗(τ + ϑ+ 1, τ + 1) =

= W1(τ + ϑ+ 1, τ + 1) +X(τ + ϑ+ 1, τ + 1)B(τ)B∗(τ)X∗(τ + ϑ+ 1, τ + 1). (21)

Ñëåäîâàòåëüíî,

W1(τ + ϑ+ 1, τ) > W1(τ + ϑ+ 1, τ + 1) > α5I = :α′
5I.

Äàëåå, â ñèëó (12) âûïîëíåíî íåðàâåíñòâî W1(τ + ϑ + 1, τ + 1) 6 α6I. Èç ïðåäëîæåíèé 2 è 4

ïîëó÷àåì ñîîòíîøåíèÿ

|X(τ + ϑ+ 1, τ + 1)B(τ)B∗(τ)X∗(τ + ϑ+ 1, τ + 1)| 6 |X(τ + ϑ+ 1, τ + 1)|2|B(τ)|2 6 δ21b
2.

Ïî ëåììå 2 ïîëó÷èì, ÷òî X(τ + ϑ + 1, τ + 1)B(τ)B∗(τ)X∗(τ + ϑ + 1, τ + 1) 6 δ21b
2I. Èç

ðàâåíñòâà (21) ñëåäóåò

W1(τ + ϑ+ 1, τ) 6 (α6 + δ21b
2)I = :α′

6I.

Äàëåå, â ñèëó îïðåäåëåíèÿ (8) ìàòðèöû W2(t, τ) èìååì

W2(τ + ϑ+ 1, τ) =

τ+ϑ∑

s=τ

X(τ, s + 1)B(s)B∗(s)X∗(τ, s + 1) =

=
τ+ϑ−1∑

s=τ

X(τ, s + 1)B(s)B∗(s)X∗(τ, s + 1) +X(τ, τ + ϑ+ 1)B(τ + ϑ)B∗(τ + ϑ)X∗(τ, τ + ϑ+ 1) =

= W2(τ + ϑ, τ) +X(τ, τ + ϑ+ 1)B(τ + ϑ)B∗(τ + ϑ)X∗(τ, τ + ϑ+ 1). (22)

Ñëåäîâàòåëüíî,

W2(τ + ϑ+ 1, τ) > W2(τ + ϑ, τ) > α7I = :α′
7I.

Äàëåå, â ñèëó (13) âûïîëíåíî íåðàâåíñòâî W2(τ +ϑ, τ) 6 α8I. Äàëåå, èñïîëüçóÿ ïðåäëîæåíèå 2
è íåðàâåíñòâî (19), â êîòîðîì âìåñòî τ è âìåñòî t ñòîèò τ + ϑ, ïîëó÷èì

|X(τ, τ + ϑ+ 1)B(τ + ϑ)B∗(τ + ϑ)X∗(τ, τ + ϑ+ 1)| =
= |X(τ, τ + ϑ)X(τ + ϑ, τ + ϑ+ 1)B(τ + ϑ)B∗(τ + ϑ)X∗(τ + ϑ, τ + ϑ+ 1)X∗(τ, τ + ϑ)| 6

6 |X(τ, τ + ϑ)|2|X(τ + ϑ, τ + ϑ+ 1)B(τ + ϑ)|2 6 δ22b
2
2.
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Ïî ëåììå 2 ïîëó÷èì, ÷òî X(τ, τ + ϑ+1)B(τ + ϑ)B∗(τ + ϑ)X∗(τ, τ + ϑ+1) 6 δ22b
2
2I. Èç ðàâåíñò-

âà (22) ñëåäóåò

W2(τ + ϑ+ 1, τ) 6 (α8 + δ22b
2
2)I = :α′

8I.

Ïðåäëîæåíèå äîêàçàíî. �

Ñëåäñòâèå 1. Ïóñòü ñèñòåìà (4) ϑ-ðàâíîìåðíî âïîëíå óïðàâëÿåìà. Òîãäà äëÿ ëþáîãî

ϑ1 > ϑ ñèñòåìà (4) ϑ1-ðàâíîìåðíî âïîëíå óïðàâëÿåìà.

Ñëåäñòâèå 1 âûòåêàåò èç ïðåäëîæåíèÿ 5.

Îïðåäåëåíèå 3 (ñì. [6℄). Ìàòðèöà A(t), t ∈ N0, íàçûâàåòñÿ âïîëíå îãðàíè÷åííîé, åñëè îíà

íåâûðîæäåííàÿ äëÿ âñåõ t ∈ N0, è âûïîëíåíû óñëîâèÿ

M = sup
t∈N0

|A(t)| < ∞, m = sup
t∈N0

|A−1(t)| < ∞.

Òåîðåìà 3. Åñëè ñèñòåìà (4) ðàâíîìåðíî âïîëíå óïðàâëÿåìà, òî ìàòðèöà A(·) âïîëíå

îãðàíè÷åíà.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü ϑ ∈ N � ÷èñëî, îáåñïå÷èâàþùåå ϑ-ðàâíîìåðíóþ ïîëíóþ

óïðàâëÿåìîñòü ñèñòåìû (4). Â ñèëó îïðåäåëåíèé (5) è (8) ìàòðèö W1(t, τ) èW2(t, τ) äëÿ âñÿêîãî
τ ∈ N0 èìååì ðàâåíñòâà

W1(τ + ϑ+ 1, τ) = A(τ + ϑ)W1(τ + ϑ, τ)A∗(τ + ϑ) +B(τ + ϑ)B∗(τ + ϑ), (23)

W2(τ + ϑ+ 1, τ) = A−1(τ)
(
W2(τ + ϑ+ 1, τ + 1) +B(τ)B∗(τ)

)
(A−1(τ))∗. (24)

Â ñèëó ïðåäëîæåíèÿ 5 ñèñòåìà (4) ÿâëÿåòñÿ (ϑ + 1)-ðàâíîìåðíî âïîëíå óïðàâëÿåìîé. Ñëåäî-

âàòåëüíî, ñóùåñòâóþò α′
i = α′

i(ϑ) > 0, i = 5, 6, 7, 8, òàêèå, ÷òî äëÿ âñåõ τ ∈ N0 âûïîëíåíû

íåðàâåíñòâà

0 < α′
5I 6 W1(τ + ϑ+ 1, τ) 6 α′

6I, (25)

0 < α′
7I 6 W2(τ + ϑ+ 1, τ) 6 α′

8I. (26)

Â ñèëó [4, òåîðåìà 7.2.7, ñ. 482℄ (ñì. äîêàçàòåëüñòâî ïðåäëîæåíèÿ 2) ñóùåñòâóåò ìàòðèöà F =
= F (τ), F = F ∗

, F > 0, òàêàÿ, ÷òî W1(τ + ϑ, τ) = FF ∗
. Äëÿ F âûïîëíåíû íåðàâåíñòâà (16),

(17). �àññìîòðèì ìàòðèöó V1 = A(τ + ϑ)W1(τ + ϑ, τ)A∗(τ + ϑ), âõîäÿùóþ êàê ñëàãàåìîå â (23).

Çàìåòèì, ÷òî V1 � ñèììåòðè÷åñêàÿ íåîòðèöàòåëüíî îïðåäåëåííàÿ ìàòðèöà. Òàê êàê

V1 = W1(τ + ϑ+ 1, τ)−B(τ + ϑ)B∗(τ + ϑ),

òî

|V1| 6 |W1(τ + ϑ+ 1, τ)| + |B(τ + ϑ)B∗(τ + ϑ)| 6 α′
6 + b2 = :c1

â ñèëó (25), ëåììû 2 è ïðåäëîæåíèÿ 4. Èç ëåììû 2 îòñþäà ñëåäóåò, ÷òî V1 6 c1I, òî åñòü

äëÿ ëþáîãî x ∈ R
n
òàêîãî, ÷òî |x| = 1, âûïîëíåíî íåðàâåíñòâî x∗V1x 6 c1. Ñëåäîâàòåëüíî,√

x∗V1x 6
√
c1. Òàêèì îáðàçîì,

|A(τ + ϑ)F | = |F ∗A∗(τ + ϑ)| = max
|x|=1

|F ∗A∗(τ + ϑ)x| =

= max
|x|=1

√
x∗A(τ + ϑ)FF ∗A∗(τ + ϑ)x = max

|x|=1

√
x∗V1x 6

√
c1.

Ñëåäîâàòåëüíî,

|A(τ + ϑ)| = |A(τ + ϑ)FF−1| 6 |A(τ + ϑ)F | · |F−1| 6
√
c1√
α5

= :c2
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äëÿ ëþáîãî τ ∈ N0. Òàêèì îáðàçîì, sup
t>ϑ

|A(t)| 6 c2. Ïîëàãàÿ

c := max{|A(0)|, |A(1)|, . . . , |A(ϑ − 1)|, c2},

ïîëó÷àåì, ÷òî íåðàâåíñòâî |A(t)| 6 c âûïîëíåíî äëÿ âñåõ t ∈ N0.

Äàëåå (ñì. äîêàçàòåëüñòâî ïðåäëîæåíèÿ 2), ñóùåñòâóåò ìàòðèöà Γ = Γ(τ), Γ∗ = Γ, Γ > 0,
òàêàÿ, ÷òî W2(τ + ϑ + 1, τ + 1) = ΓΓ∗

. Äëÿ Γ âûïîëíåíû íåðàâåíñòâà (14), (15). �àññìîòðèì

ìàòðèöó V2 = A−1(τ)W2(τ + ϑ + 1, τ + 1)(A−1(τ))∗, âõîäÿùóþ êàê ñëàãàåìîå â (24). Èìååì

V ∗
2 = V2 è V2 > 0. Òàê êàê

V2 = W2(τ + ϑ+ 1, τ)−X(τ, τ + 1)B(τ)B∗(τ)X∗(τ, τ + 1),

òî

|V2| 6 |W2(τ + ϑ+ 1, τ)|+ |X(τ, τ + 1)B(τ)B∗(τ)X∗(τ, τ + 1)| 6 α′
8 + b22 = :d1

â ñèëó (26), ëåììû 2 è (19). Èç ëåììû 2 îòñþäà ñëåäóåò, ÷òî V2 6 d1I, òî åñòü äëÿ ëþáîãî

x ∈ R
n
òàêîãî, ÷òî |x| = 1, âûïîëíåíî íåðàâåíñòâî x∗V2x 6 d1. Ñëåäîâàòåëüíî,

√
x∗V2x 6

√
d1.

Òàêèì îáðàçîì,

|A−1(τ)Γ| = |Γ∗(A−1(τ))∗| := max
|x|=1

|Γ∗(A−1(τ))∗x| =

= max
|x|=1

√
x∗A−1(τ)ΓΓ∗(A−1(τ))∗x = max

|x|=1

√
x∗V2x 6

√
d1.

Ñëåäîâàòåëüíî,

|A−1(τ)| = |A−1(τ)ΓΓ−1| 6 |A−1(τ)Γ| · |Γ−1| 6
√
d1√
α7

= :d

äëÿ ëþáîãî τ ∈ N0. Òàêèì îáðàçîì, ìàòðèöà A(·) âïîëíå îãðàíè÷åíà. Òåîðåìà äîêàçàíà. �

Äîêàæåì êðèòåðèé ðàâíîìåðíîé ïîëíîé óïðàâëÿåìîñòè ñèñòåìû (4), àíàëîãè÷íûé êðèòå-

ðèþ Òîíêîâà ðàâíîìåðíîé ïîëíîé óïðàâëÿåìîñòè ñèñòåìû ñ íåïðåðûâíûì âðåìåíåì [7℄.

Òåîðåìà 4. Ñèñòåìà (4) ϑ-ðàâíîìåðíî âïîëíå óïðàâëÿåìà òîãäà è òîëüêî òîãäà, êîãäà

âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

(1) ìàòðèöà A(t), t ∈ N0, âïîëíå îãðàíè÷åíà;

(2) ìàòðèöà B(t), t ∈ N0, îãðàíè÷åíà;

(3) ñóùåñòâóåò ÷èñëî ℓ = ℓ(ϑ) > 0 òàêîå, ÷òî äëÿ ëþáîãî τ ∈ N0 è äëÿ ëþáîãî x1 ∈ R
n

ñóùåñòâóåò óïðàâëåíèå u(t), t ∈ [τ, τ +ϑ), êîòîðîå ïåðåâîäèò ðåøåíèå ñèñòåìû (4) èç òî÷êè

x(τ) = 0 â òî÷êó x(τ + ϑ) = x1, ïðè ýòîì âûïîëíåíî íåðàâåíñòâî |u(t)| 6 ℓ|x1|, t ∈ [τ, τ + ϑ).

Ä î ê à ç à ò å ë ü ñ ò â î. Í å î á õ î ä è ì î ñ ò ü . Ïîëíàÿ îãðàíè÷åííîñòü ìàòðèöû A(·)
è îãðàíè÷åííîñòü ìàòðèöû B(·) óñòàíîâëåíû â òåîðåìå 3 è â ïðåäëîæåíèè 4 ñîîòâåòñòâåííî.

Äëÿ ïðîèçâîëüíûõ τ ∈ N0 è x1 ∈ R
n
âûáåðåì â êà÷åñòâå èñêîìîãî óïðàâëåíèÿ u(·) �óíêöèþ

u(t) := B∗(t)X∗(τ + ϑ, t+ 1)W−1
1

(τ + ϑ, τ)x1, t ∈ [τ, τ + ϑ).

Ïîäñòàâëÿÿ ýòî óïðàâëåíèå â ñèñòåìó (4) è ïðèìåíÿÿ �îðìóëó Êîøè (3), ïîëó÷àåì, ÷òî ðå-

øåíèå x(·) ñèñòåìû (4), óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ x(τ) = 0, ïîïàäàåò â òî÷êó x1
â ìîìåíò âðåìåíè τ + ϑ.

Â ñèëó (18) äëÿ âñåõ t ∈ [τ, τ + ϑ) âûïîëíåíî íåðàâåíñòâî

|B∗(t)X∗(τ + ϑ, t+ 1)| = |X(τ + ϑ, t+ 1)B(t)| 6 b1,

ãäå b1 íå çàâèñèò îò τ . Èç ëåììû 2 ïîëó÷àåì îöåíêó |W−1

1
(τ + ϑ, τ)| 6 α2. Ñëåäîâàòåëüíî,

|u(t)| 6 b1α2|x1| = : ℓ|x1|, t ∈ [τ, τ + ϑ).
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Ä î ñ ò à ò î ÷ í î ñ ò ü . Äëÿ äîêàçàòåëüñòâà âîñïîëüçóåìñÿ òåîðåìîé 2.

Èç ïîëíîé îãðàíè÷åííîñòè ìàòðèöû A(·) è îãðàíè÷åííîñòè ìàòðèöû B(·) âûòåêàåò îöåíêà
|W1(τ +ϑ, τ)| 6 α6, ðàâíîìåðíàÿ ïî τ ∈ N0. Òîãäà, â ñèëó ëåììû 2, W1(τ +ϑ, τ) 6 α6I ïðè âñåõ
τ ∈ N0.

Äîêàæåì, ÷òî ïðè íåêîòîðîì α5 > 0 è âñåõ τ ∈ N0 âûïîëíåíî íåðàâåíñòâîW1(τ+ϑ, τ) > α5I.
Ïðåäïîëîæèì ïðîòèâíîå, ïóñòü äëÿ êàæäîãî k ∈ N íàéäóòñÿ òàêèå τk ∈ N0 è ξk ∈ R

n
, |ξk| = 1,

÷òî

ξ∗kW1(τk + ϑ, τk)ξk <
1

k
.

Ïóñòü ξ̂, |ξ̂| = 1, � ïðåäåëüíàÿ òî÷êà ïîñëåäîâàòåëüíîñòè {ξk}. Áåç îãðàíè÷åíèÿ îáùíî-

ñòè ìîæíî ñ÷èòàòü, ÷òî ïîñëåäîâàòåëüíîñòü {ξk} èìååò ïðåäåë ξ̂. Äëÿ êâàäðàòè÷íîé �îðìû

ξ∗W1(τ + ϑ, τ)ξ ñïðàâåäëèâû îöåíêè

|ξ∗kW1(τk + ϑ, τk)ξk − ξ̂∗W1(τk + ϑ, τk)ξ̂| 6

6 |ξ∗kW1(τk + ϑ, τk)(ξk − ξ̂)|+ |(ξ∗k − ξ̂∗)W1(τk + ϑ, τk)ξ̂| 6
6 |ξ∗kW1(τk + ϑ, τk)||ξk − ξ̂|+ |ξ∗k − ξ̂∗||W1(τk + ϑ, τk)ξ̂| 6

6 2|W1(τk + ϑ, τk)||ξ∗k − ξ̂∗|.
Ïîñêîëüêó ìàòðèöà W1(τ + ϑ, τ) ðàâíîìåðíî îãðàíè÷åíà íà N0, îòñþäà ñëåäóåò, ÷òî äëÿ

êàæäîãî ε > 0 íàéäåòñÿ íîìåð Kε ∈ N òàêîé, ÷òî äëÿ âñåõ k > Kε áóäåò âûïîëíåíî íåðàâåíñòâî

0 6 ξ̂∗W1(τk + ϑ, τk)ξ̂ 6

6 ξ∗kW1(τk + ϑ, τk)ξk + |ξ∗kW1(τk + ϑ, τk)ξk − ξ̂∗W1(τk + ϑ, τk)ξ̂| < ε.

Ïðè êàæäîì k ∈ N íà [τk, τk + ϑ) îïðåäåëåíî óïðàâëåíèå uk(·), óäîâëåòâîðÿþùåå îöåíêå

|uk(t)| 6 ℓ|ξ̂| = ℓ è òàêîå, ÷òî ðåøåíèå x(·) çàäà÷è Êîøè äëÿ ñèñòåìû (4) ñ óïðàâëåíèåì

u = uk(·) è íà÷àëüíûì óñëîâèåì x(τk) = 0 óäîâëåòâîðÿåò ðàâåíñòâó x(τk + ϑ) = ξ̂. Òîãäà

τk+ϑ−1∑

s=τk

X(τk + ϑ, s+ 1)B(s)uk(s) = ξ̂,

ïîýòîìó

1 = ξ̂∗ξ̂ = |ξ̂∗
τk+ϑ−1∑

s=τk

X(τk + ϑ, s+ 1)B(s)uk(s)| 6

6

τk+ϑ−1∑

s=τk

|ξ̂∗X(τk + ϑ, s+ 1)B(s)| · |uk(s)| 6 ℓ

τk+ϑ−1∑

s=τk

|ξ̂∗X(τk + ϑ, s+ 1)B(s)| 6

6 ℓ
(
ϑ

τk+ϑ−1∑

s=τk

|ξ̂∗X(τk + ϑ, s+ 1)B(s)|2
)1/2

= ℓ
(
ϑ · ξ̂∗W1(τk + ϑ, τk)ξ̂

)1/2
< ℓ

√
ϑε.

Ïðè ε <
1

ℓ2ϑ
ïîëó÷àåì ïðîòèâîðå÷èå.

Èòàê, ñóùåñòâóþò òàêèå ïîëîæèòåëüíûå α5 è α6, ÷òî ïðè âñåõ τ ∈ N0 âûïîëíåíû íåðàâåí-

ñòâà (12). Äëÿ äîêàçàòåëüñòâà (13) âîñïîëüçóåìñÿ ðàâåíñòâîì

W2(τ + ϑ, τ) = X(τ, τ + ϑ)W1(τ + ϑ, τ)X∗(τ, τ + ϑ), (27)

âûòåêàþùèì èç îïðåäåëåíèÿ ìàòðèö W1(t, τ) è W2(t, τ). Èç ïîëíîé îãðàíè÷åííîñòè ìàòðè-

öû A(·) ñëåäóåò îãðàíè÷åííîñòü ìàòðèöû X(t, t + ϑ), t ∈ N0. Îòñþäà, èç ðàâåíñòâà (27) è

íåðàâåíñòâà |W1(τ + ϑ, τ)| 6 α6 (âûòåêàþùåãî èç (12) è ëåììû 2) ñëåäóåò, ÷òî íàéäåòñÿ òàêîå

α8 > 0, ÷òî
|W2(τ + ϑ, τ)| 6 α8, τ ∈ N0.
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Òîãäà èç ëåììû 2 âûòåêàåò íåðàâåíñòâî W2(τ + ϑ, τ) 6 α8I.

Äàëåå, èç ðàâåíñòâà (27) ñëåäóåò, ÷òî

W−1

2
(τ + ϑ, τ) = X∗(τ + ϑ, τ)W−1

1
(τ + ϑ, τ)X(τ + ϑ, τ). (28)

Èç ïîëíîé îãðàíè÷åííîñòè ìàòðèöû A(·) ñëåäóåò îãðàíè÷åííîñòü ìàòðèöû X(t+ ϑ, t), t ∈ N0.

Îòñþäà, èç ðàâåíñòâà (28) è íåðàâåíñòâà |W−1
1

(τ + ϑ, τ)| 6 α−1
5

(âûòåêàþùåãî èç (12) è ëåìì 1

è 2) ñëåäóåò, ÷òî íàéäåòñÿ òàêîå β7 > 0, ÷òî

|W−1
2

(τ + ϑ, τ)| 6 β7, τ ∈ N0.

Ïîëàãàÿ α7 := 1/β7 è ïðèìåíÿÿ ëåììû 2 è 1, îòñþäà ïîëó÷àåì íåðàâåíñòâî α7I 6 W2(τ +ϑ, τ).
Òàêèì îáðàçîì, íåðàâåíñòâà (13) âûïîëíåíû. Òåîðåìà äîêàçàíà. �
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We study the property of uniform 
omplete 
ontrollability (a

ording to Kalman) for a dis
rete-time linear


ontrol system

x(t+ 1) = A(t)x(t) +B(t)u(t), t ∈ N0, (x, u) ∈ R
n × R

m. (1)

We prove that if the system (1) is uniformly 
ompletely 
ontrollable, then the matrix A(·) is 
ompletely
bounded on N0 (i. e. supt∈N0

(|A(t)|+ |A−1(t)|) < +∞) and the matrix B(·) is bounded on N0. We prove that



Î ñâîéñòâå ðàâíîìåðíîé ïîëíîé óïðàâëÿåìîñòè 63

ÌÀÒÅÌÀÒÈÊÀ 2014. Âûï. 4

the system (1) is uniformly 
ompletely 
ontrollable if and only if there exists a ϑ ∈ N su
h that for all τ ∈ N0

the inequalities α1I 6 W1(τ +ϑ, τ) 6 β1I, α2I 6 W2(τ +ϑ, τ) 6 β2I hold for some positive αi and βi, where

W1(t, τ)
.
=

t−1∑

s=τ

X(t, s+ 1)B(s)B∗(s)X∗(t, s+ 1), W2(t, τ)
.
=

t−1∑

s=τ

X(τ, s+ 1)B(s)B∗(s)X∗(τ, s+ 1).

On the basis of this statement, we prove the following 
riterion for uniform 
omplete 
ontrollability of the

system (1), whi
h is similar to the Tonkov 
riterion of uniform 
omplete 
ontrollability for 
ontinuous-time

systems: the system (1) is ϑ-uniformly 
ompletely 
ontrollable if and only if the matrix A(·) is 
ompletely
bounded on N0; the matrix B(·) is bounded on N0; there exists an ℓ = ℓ(ϑ) > 0 su
h that for every τ ∈ N0

and for any x1 ∈ R
n
there exists a 
ontrol fun
tion u(t), t ∈ [τ, τ + ϑ), whi
h transfers the solution of the

system (1) from the state x(τ) = 0 to the state x(τ + ϑ) = x1, and the inequality |u(t)| 6 ℓ|x1| holds for all
t ∈ [τ, τ + ϑ).
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